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A WEIGHTED TOPOLOGICAL QUANTUM FIELD THEORY
FOR QUOT SCHEMES ON CURVES
THOMAS GOLLER
Abstract. We study Quot schemes of vector bundles on algebraic curves.
Marian and Oprea gave a description of a topological quantum field theory
(TQFT) studied by Witten in terms of intersection numbers on Quot schemes
of trivial bundles. Since these Quot schemes can have the wrong dimension,
virtual classes are required. But Quot schemes of general vector bundles always
have the right dimension. Using the degree of the general vector bundle as an
additional parameter, we construct a weighted TQFT containing both Witten’s
TQFT and the small quantum cohomology TQFT of the Grassmannian. This
weighted TQFT is completely geometric (no virtual classes are needed), can
be explicitly computed, and recovers known formulas enumerating the points
of finite Quot schemes.
1. Introduction
Let C be a smooth projective curve of genus g over C. Fixing a coherent sheaf
V and a cohomology class σ on X , let Quot(σ, V ) denote the Grothendieck Quot
scheme, which is a projective scheme whose closed points parametrize short exact
sequences 0→ E → V → F → 0 of coherent sheaves in which the Chern character
ch(E) is σ. We can think of σ as an ordered pair (r,−e) encoding the rank r and
the degree −e of E.
Throughout the paper, we fix positive integers r and s, use r for the rank of the
subbundles, and let V be a vector bundle on C of rank r+ s. This allows us to use
the simpler notation Qe,V = Quot
(
(r,−e), V
)
for the Quot scheme. Denoting the
degree of V by d ∈ Z, the expected dimension of Qe,V is
expdim(Qe,V ) = rd+ (r + s)e− rs(g − 1)
or 0 if this number is negative.
When V = Or+sC , we often write Qe,C instead of Qe,Or+s
C
. In the particular case
e = 0, the Quot scheme Q0,C parametrizes short exact sequences of the form 0 →
OrC → O
r+s
C → O
s
C → 0 and is isomorphic to the Grassmannian G = Gr(r,C
r+s) of
r-planes in Cr+s. The Grassmannian contains Schubert varieties W~a ⊂ G indexed
by partitions ~a, whose intersection theory is described using the Schubert cycles
σ~a = [W~a] in the cohomology ring H
∗(G,C). A more general intersection theory
can be studied on any Qe,V ; we denote the analogous “Schubert varieties” byW~a(q)
(where q is a point on C) and their cohomology classes, which are independent of q,
by σ~a. We use the notation
∫
Qe,V
α, where α is a cohomology class, for intersection
numbers on the Quot scheme.
The author was partially supported by the NSF RTG grant DMS-1246989.
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1.1. First motivation. Let C be a curve of genus g ≥ 2 and V be a general stable
vector bundle of rank r + s. It is known that the Quot scheme parametrizing the
rank-r subbundles of V of maximal degree is smooth of the expected dimension
(see for instance [Hir88], [RTiB99], [LN03], [Hol04]). It follows that Qe,V is a finite
collection of reduced points whenever its expected dimension is zero. Enumerating
the points of these finite Quot schemes produces interesting formulas. For instance,
when V has degree s(g − 1), Marian and Oprea use the formula
#Q0,V = V
r,s
g :=
∑
I⊂{1,...,r+s},|I|=r
∏
(j,k)∈I×I¯
∣∣∣2 sinπ j−kr+s ∣∣∣g−1
(here I¯ denotes the complement of I in { 1, . . . , r+ s }), which exhibits the number
of points of the Quot scheme as a Verlinde number, to prove strange duality on
curves ([MO07]). Holla computes a general formula, which counts arbitrary finite
Quot schemes, using Gromov-Witten invariants of the Grassmannian ([Hol04]).
1.2. Second motivation. There is a topological quantum field theory (TQFT),
studied by Witten ([Wit95]), which is described in standard mathematical language
by Marian and Oprea ([MO10]). A TQFT consists of a vector space H and a
collection of linear maps
F (g)nm : H
⊗m → H⊗n (g,m, n ≥ 0)
satisfying composition relations related to gluing topological surfaces along bound-
ary circles. In fact, by cutting surfaces into pairs of pants, the entire collection of
maps is determined by the product F (0)12 and the pairing F (0)
0
2.
For Witten’s TQFT, the vector space is the cohomology ring H∗(G,C) of the
Grassmannian G = Gr(r,Cr+s), which has a basis given by the Schubert cycles σ~a.
The maps can be defined by specifying the coefficients of the F (g)nm in this basis
as intersection numbers on Quot schemes. Let C be a smooth curve of genus g, let
V = Or+sC , and compile the Quot schemes as QC =
⊔
e∈ZQe,C . Then define
F (g)nm : σ~a1 ⊗ · · · ⊗ σ~am 7→
∑
~b1,...,~bn
(∫
[QC ]vir
σ¯~a ∪ σ¯~b ∪ σ¯
r(g+n)+s
1r
)
σ~bc
1
⊗ · · · ⊗ σ~bcn
,
where we use the notation σ¯~a = σ¯~a1 ∪ · · · ∪ σ¯~am and similarly σ¯~b = σ¯~b1 ∪ · · · ∪ σ¯~bn .
A careful definition of the virtual classes and the proof that these maps satisfy the
relations of a TQFT can be found in [MO10].
More concretely, the product F (0)12 turns out to be the (small) quantum product,
denoted by ∗, and the pairing is
F (0)02 : σ~a ⊗ σ~b 7→ 〈σ~a ∗ σ~b, σsr 〉,
where 〈 , 〉 denotes the Poincare´ pairing and σsr is the class of a point. Remarkably,
the “closed invariants” F (g)00, which can be viewed as numbers, are exactly the
Verlinde numbers V r,sg , which hints at a connection between Witten’s TQFT and
the finite Quot schemes in §1.1.
1.3. Synthesis: a weighted TQFT. The coefficients of the maps in Witten’s
TQFT are defined using the intersection theory of Quot schemes of trivial bundles,
but these Quot schemes are not always of the expected dimension, which explains
the need for virtual classes. On the other hand, Marian and Oprea’s result suggests
that Quot schemes of general bundles on curves may exhibit better behavior. Thus
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one can ask whether replacing the trivial bundles in the definition of F (g)nm by
general vector bundles of degree 0 can avoid the need for virtual classes.
Once the bundles are no longer assumed to be trivial, it is natural to relax the
degree 0 assumption as well. This introduces the degree of the general vector bundle
V as an additional parameter, which leads to the definition of a weighted TQFT, in
which the extra parameter is additive under composition of maps. Moreover, we can
attempt to use this parameter to explain the appearance of σ1r in the integrand
in the definition of F (g)nm since we saw in §1.1 that the corresponding Schubert
varieties of type W 1r arise naturally in the presence of elementary modifications.
Motivated by these ideas, let C be a curve of genus g, let d ∈ Z, and let V
be a general stable vector bundle on C of rank r + s and degree d.1 Set QV =⊔
e∈ZQe,V . Let H = H
∗(G,C) as above and define a collection of linear maps
F (g|d)nm : H
⊗m → H⊗n for all g,m, n ≥ 0 and d ∈ Z by
F (g|d)nm : σ~a1 ⊗ · · · ⊗ σ~am 7→
∑
~b1,...,~bn
(∫
QV
σ¯~a ∪ σ¯~b
)
σ~bc
1
⊗ · · · ⊗ σ~bcn
.
We do not need virtual classes because, as we will show, the Qe,V are all of the
expected dimension. The main purpose of this paper is to prove the following:
Main Theorem. (a) The F (g|d)nm defined above are the maps of a weighted TQFT.
(b) This weighted TQFT contains both the quantum cohomology TQFT and Wit-
ten’s TQFT.
The collection of maps with d = 0 form a usual TQFT, which we show is the
quantum cohomology TQFT of the Grassmannian: the product F (0|0)12 is the
quantum product ∗ and the pairing F (0|0)02 is the Poincare´ pairing 〈 , 〉. The
weighted TQFT is determined from this degree 0 TQFT by the degree-lowering
operator F (0|−1)11, which is quantum multiplication by σ1r , and the degree-raising
operator F (0|1)11, which is quantum multiplication by σs. Moreover, the weighted
TQFT recovers the maps in Witten’s TQFT as
F (g)nm = F (g|−r(g+n)−s)
n
m = F (g|s(g−1+n))
n
m,
where the second equality holds because of the identity σr+s1r = 1 in quantum
cohomology (note that r(g + n) + s is exactly the power of σ¯1r appearing in the
definition of F (g)nm). In particular,
V r,sg = F (g)
0
0 = F (g|s(g−1))
0
0
explains the connection to the formula used by Marian and Oprea to count finite
Quot schemes: F (g|s(g−1))00 is the intersection number associated to the funda-
mental class on ⊔eQe,V , where V is a general bundle of degree s(g − 1). This
number counts the points of the finite Quot scheme Q0,V since the Quot schemes
for other values of e are either empty or positive-dimensional.
In the proof of the Main Theorem, we extend the result mentioned in §1.1 by
showing that all Quot schemes of general bundles with expected dimension 0 are
finite and reduced, including the cases g = 0 and g = 1. We use the structure of the
weighted TQFT to recover the Verlinde formula above as well as Holla’s formula
counting the points of any finite Quot scheme of a general vector bundle ([Hol04],
Theorem 4.2):
1We use the word “stable” loosely to include balanced vector bundles in the case of P1 and
semistable vector bundles in genus 1. See §6.1.
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Main Corollary. Let C be a curve of genus g, let e = r′γ for any 0 ≤ γ < gcd(r, s),
and let V be a general vector bundle of degree d = −(r′ + s′)γ + s(g − 1) on C.
Then Qe,V is finite and reduced and its points are counted by
#Qr′γ,V = (r + s)
r(g−1)
∑
I
(
σ1r (ζ
I)(r
′+s′)γ
Vand(ζI)
)g−1
.
Here I ranges over the r-element subsets of { 1, . . . , r + s }, ζI is an r-tuple of
powers of ζ := e2πi/(r+s) determined by I, σ1r (ζ
I) is the product of those powers of
ζ, and Vand(ζI) is the product of all differences of those powers of ζ. This notation
is explained in §3.1.
Sketch of proof of Main Theorem (a). Since any composition of morphisms can be
viewed as gluing one pair of boundary circles at a time, it suffices to prove the
relations for gluing one pair of boundary circles.
Given a smooth curve C′ of genus g and a vector bundle V ′ of rank r + s and
degree d, there is a degeneration of C′ into a reducible nodal curve C with two
smooth components C1 and C2 glued at points p1 and p2 to produce a simple node.
The genera g1 and g2 of the components sum to g. The vector bundle V
′ also
degenerates, producing a vector bundle V on C that can be described by gluing
vector bundles Vi on Ci by an isomorphism V1(p1) ≃ V2(p2) of their fibers over the
node. The degrees di of the Vi satisfy d1+d2 = d, which reflects the additivity of the
weight in the weighted TQFT under composition. The existence of a relative Quot
scheme over the base of the deformation guarantees that the intersection numbers
on Qe,V ′ agree with the intersection numbers on Qe,V , namely∫
Qe,V ′
σ¯~a
1
∪ σ¯~a
2
=
∫
Qe,V
σ¯~a
1
∪ σ¯~a
2
,
where we think of the Schubert cycles σ¯~ai on Qe,V ′ as being based at points that
degenerate to lie on Ci (this subtlety turns out to be unnecessary).
The remaining work is to compute the integral on the nodal curve C in terms
of intersection numbers on its components Ci. The Quot scheme on C can be
described by gluing subsheaves (or quotients) on the Ci along their fibers at the
points pi. Roughly, for each partition e = e1+e2, the isomorphism V1(p1) ≃ V2(p2)
allows us to think of the codomain of
evp1,p2 : Qe1,V1 ×Qe2,V2 99K G×G
as two copies of the same Grassmannian, and the pairs of quotients that can be
glued are the preimage ∆e1,e2 of the diagonal. In fact, each ∆e1,e2 with e = e1+ e2
embeds as a dense open set in a top-dimensional component of Qe,V , and every
top-dimensional component of Qe,V corresponds to such a partition of e. Recalling
that the cohomology class of the diagonal in G×G is
∑
~b σ~b ⊗ σ~bc , we thus obtain
the formula∫
Qe,V
σ¯~a
1
∪ σ¯~a
2
=
∑
e1+e2=e
∑
~b
(∫
Qe1,V1
σ¯~a
1
∪ σ¯~b
)(∫
Qe2,V2
σ¯~a
2
∪ σ¯~bc
)
.
Combining this formula with the above equality of integrals and summing over all
e produces the gluing relation corresponding to identifying boundary circles on two
morphisms in the weighted TQFT. 
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Plan of paper. §2 gives a brief introduction to the quantum cohomology of Grass-
mannians and topological quantum field theories. §3 assumes Main Theorem (a)
and uses previous work on the quantum cohomology TQFT to explicitly describe
Witten’s TQFT, the weighted TQFT, and the connections between these TQFTs,
culminating in proofs of Main Theorem (b) and the Main Corollary.
The remainder of the paper is devoted to developing the intersection theory
on Quot schemes required to justify the steps in the sketch of the proof of Main
Theorem (a) given above. §4 summarizes some preliminaries on Quot schemes,
including a description of the recursive structure of the boundary. §5 proves that
Quot schemes of trivial bundles have a nice intersection theory when the subbundles
have sufficiently negative degree. §6 shows that Quot schemes of general bundles
all have a nice intersection theory by embedding them in Quot schemes of trivial
bundles. §7 extends the nice intersection theory to curves with a single node by
relating the Quot scheme on the nodal curve to the Quot schemes on the smooth
components, and concludes the proof of Main Theorem (a).
Summary of good properties of Quot schemes. The Quot scheme is guaran-
teed to have nice properties in the following cases:
(1) P1, V trivial, all e: Qe,P1 is irreducible, smooth, and of the expected di-
mension, and Ue,V is open and dense ([Gro95]).
(2) C smooth, V arbitrary, e≫ 0: Qe,V is irreducible, generically smooth, and
of the expected dimension, and Ue,V is open and dense ([PR03]).
(3) C smooth, V very general, all e: Qe,V is equidimensional, generically
smooth, and of the expected dimension, and Ue,V is open and dense (Propo-
sition 6.2.1).
(4) C nodal, (V trivial, e≫ 0) or (V very general, all e): every top-dimensional
component of Qe,V is generically smooth and of the expected dimension,
and Ue,V is open and dense in the union of top-dimensional components
(Proposition 7.3.2).
In each of these cases, the intersections W of general Schubert varieties are
proper, W ∩ Ue,V is dense in W , and top intersections W are finite, reduced, and
contained in Ue,V (see, respectively, [Ber97] and Propositions 5.2.5, 6.2.1, 7.3.2).
Acknowledgments. The author would like to thank Aaron Bertram for providing
the vision that led to the weighted TQFT as well as guidance during countless
discussions. The author is grateful to Nicolas Perrin and Daewoong Cheong for
suggesting useful references.
2. Background on quantum cohomology and TQFTs
2.1. Quantum Schubert calculus. Let G = Gr(r,Cr+s) denote the Grassman-
nian of r-planes in Cr+s, which is a projective variety of dimension rs. Let V• denote
a full flag 0 = V0 ( V1 ( V2 ( · · · ( Vr+s = C
r+s of linear subspaces of Cr+s.
We call an r-tuple of integers ~a = (a1, . . . , ar) satisfying s ≥ a1 ≥ · · · ≥ ar ≥ 0 a
partition. Define the Schubert variety
W~a(V•) := { [E ⊂ C
r+s] ∈ G | dim(E ∩ Vs+i−ai) ≥ i for all 1 ≤ i ≤ r },
which has complex codimension in G equal to the size |~a| =
∑
ai of the partition.
Let σ~a = [W~a(V•)] denote the associated Schubert cycle in the cohomology ring
H∗(G,C); we drop V• from the notation because the cohomology class of a Schubert
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variety does not depend on the flag. The set { σ~a | ~a a partition as above } is a basis
of H∗(G,C) as a vector space.
In the basis of Schubert cycles, the Poincare´ pairing on H∗(G,C) is
〈σ~a, σ~b〉 = #
(
W~a(V•) ∩W~b(V
′
•)
)
=
∫
G
σ~a ∪ σ~b,
where V• and V
′
• are general full flags and the number of intersection points is
considered to be 0 if the intersection is infinite. A simple exercise shows that
〈σ~a, σ~b〉 =
{
1 if ~b = ~ac;
0 otherwise
where ~ac = (s− ar, s− ar−1, . . . , s− a1) denotes the partition complementary to ~a.
We extend the Poincare´ pairing to all cohomology classes by linearity and to
more than two arguments by setting
〈σ~a1 , . . . , σ~aN 〉 :=
∫
G
σ~a1 ∪ · · · ∪ σ~aN .
By the above fact, we can write
σ~a1 ∪ · · · ∪ σ~aN =
∑
~b
〈σ~a1 , . . . , σ~aN , σ~b〉σ~bc .
There are classical formulas of Giambelli and Pieri for computing arbitrary cup
products in the Schubert basis.
We define a quantum deformation of the cup product by introducing a new
integer parameter e ≥ 0. There is a smooth quasiprojective variety More(P
1, G) of
dimension (r + s)e+ rs whose closed points are
More(P
1, G) = {φ : P1 → G holomorphic | deg φ = e }.
Given a choice of distinct points p1, . . . , pN ∈ P
1 and general Schubert varieties
W~a1 , . . . , W~aN , define the Gromov-Witten number 〈W~a1 , . . . ,W~aN 〉e as
# {φ ∈ More(P
1, G) | φ(pi) ∈W~ai for all 1 ≤ i ≤ N }
when this number is finite and zero otherwise. Requiring φ(pi) ∈W~ai is a codimension-
|~ai| condition in More(P
1, G), hence a necessary condition for 〈W~a1 , . . . ,W~aN 〉e to be
nonzero is that the total size of the partitions matches the dimension of More(P
1, G),
namely
∑
|~ai| = (r + s)e + rs.
Remark 2.1.1. As the notation suggests, the Gromov-Witten numbers do not de-
pend on the choice of points or the general full flags used to define the Schubert
varieties. To prove this, one redefines them as follows. By the universal property of
the Grassmannian, pulling back the universal subbundle on G under a morphism
φ : P1 → G defines a bijection
More(P
1, G)→ {E ⊂ Or+s
P1
| E is a rank r vector subbundle of degree −e }.
The Quot scheme Qe,P1 := Quot
(
(r,−e),Or+s
P1
)
compactifies More(P
1, G) by allow-
ing inclusions E ⊂ Or+s
P1
that drop rank at finitely many points of P1. Given a point
p ∈ P1 and a Schubert variety W~a(V•) in G, we define a subvariety W~a(p, V•) of
Qe,P1 by taking the closure of the set of φ ∈More(P
1, G) satisfying φ(p) ∈ W~a(V•).
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Since the cohomology class σ¯~a of W~a(p, V•) is independent of p and V•, so are the
numbers ∫
Q
e,P1
σ¯~a1 ∪ · · · ∪ σ¯~aN ,
which coincide with the Gromov-Witten numbers defined above.
Example 2.1.2 (e = 0). Since degree 0 maps to the Grassmannian are constant,
More(P
1, G) = Qe,P1 ≃ G. Thus 〈W~a1 , . . . ,W~aN 〉0 = 〈σ~a1 , . . . , σ~aN 〉.
Example 2.1.3. 〈W~a,W~b〉e = 0 for all e > 0. Since the automorphism group of
P1 acts 3-transitively, imposing conditions at only two points of P1 results in an
infinite collection of maps.
We now use the Gromov-Witten numbers to define a “small quantum deforma-
tion” of the cup product, called the quantum product :
σ~a1 ∗ · · · ∗ σ~aN :=
∑
e≥0
qe
∑
~b
〈W~a1 , . . . ,W~aN ,W~b〉e σ~bc
 .
By Example 2.1.2, the e = 0 term is σ~a1 ∪ · · · ∪ σ~aN . Here q is a formal variable of
degree r + s that makes the product homogeneous, which we will usually omit (by
setting q = 1). The sum is finite since e ≫ 0 (namely (r + s)e + rs > (N + 1)rs)
makes it impossible for an intersection of N + 1 Schubert varieties in Qe,P1 to be
zero-dimensional. The quantum product is clearly commutative, but it takes a good
deal of work to show it is associative ([RT95], [KM97]). Since ∗ is associative, all
Gromov-Witten numbers (and hence all quantum products) are determined by the
three-point numbers 〈W~a,W~b,W~c〉e. Quantum products can be computed using
quantum versions of the Giambelli and Pieri formulas ([Ber97]).
Remark 2.1.4. A convenient way of writing the quantum product is
σ~a1 ∗ · · · ∗ σ~aN =
∑
~b
(∫
Q
P1
σ¯~a ∪ σ¯~b
)
σ~bc ,
where QP1 = ⊔eQe,P1 . The associativity of the quantum product is equivalent to
the identity ∫
Q
P1
σ¯~a ∪ σ¯~b ∪ σ¯~c =
∫
Q
P1
σ¯~a ∪ σ~b ∗ σ~c,
where σ~b ∗ σ~c means writing σ~b ∗ σ~c in the Schubert basis and applying “bar” to
each Schubert cycle. For the purpose of computing integrals with Schubert cycles
on QP1 , “bar” ◦ ∗ = ∪ ◦ “bar”.
Example 2.1.5. The quantum Pieri’s formula implies that σ1r and σs have the
following special properties:
(1) σ1r ∗ σa1,...,ar =
{
σa1+1,a2+1,...,ar+1 if a1 < r;
σa2,...,ar,0 if a1 = r
;
(2) σ1r ∗ σs = 1;
(3) σr+s1r = 1.
Combining (3) and the associativity of ∗ yields the identity∫
Q
P1
σ¯~a ∪ σ¯
r+s
1r =
∫
Q
P1
σ¯~a.
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Equipping the vector space H∗(G,C) with the quantum product instead of the
cup product yields the small quantum cohomology ring QH∗(G) (other authors
choose to remember the variable q). If we also consider the Poincare´ pairing, which
is compatible with the quantum product in the sense that
〈σ~a ∗ σ~b, σ~c〉 =
∑
e≥0
〈W~a,W~b,W~c〉e = 〈σ~a, σ~b ∗ σ~c〉,
then QH∗(G) has the structure of a Frobenius algebra. A geometric way to visualize
this structure is as a topological quantum field theory, which we discuss in the next
subsection.
2.2. Topological quantum field theories. The terse description of topological
quantum field theories in this section is based on a nicer exposition with motivation
and pictures in [Cav05].
A (two-dimensional) topological quantum field theory (TQFT) is a functor of
tensor categories
F : 2Cob→ VectC.
The category 2Cob is composed of
(a) objects: finite disjoint unions of oriented circles;
(b) morphisms: equivalence classes of oriented cobordisms, which are oriented topo-
logical surfaces with oriented boundary circles;
(c) composition: concatenation of cobordisms by gluing boundary circles on one
surface to boundary circles on another surface;
(d) tensor structure: disjoint union.
Let H denote the image F (S1), which is a vector space. Since F is a functor of
tensor categories, the image of n disjoint copies of S1 is H⊗n and the image of
the empty union of circles is the base field C. The oriented topological genus g
surface with m+n boundary circles, denoted by Σ(g)nm and viewed as a cobordism
between the disjoint union of m circles and the disjoint union of n circles, gets
mapped by F to a linear transformation F (g)nm : H
⊗m → H⊗n. Thus each surface
with boundary specifies an algebraic structure on the tensor powers of H and these
algebraic structures must satisfy a large number of relations coming from gluing
the topological surfaces.
Example 2.2.1. (a) The cylinder Σ(0)11 is the identity under concatenation of
cobordisms, hence F (0)11 : H → H is the identity map.
(b) The closed torus Σ(1)00 can be obtained by gluing the ends of the cylinder.
Gluing the ends corresponds to taking the trace, so F (1)00 : C→ C is determined
by 1 7→ dimH .
(c) The “pair of pants” Σ(0)12 defines a product F (0)
1
2 : H ⊗H → H on H .
(d) The “cap” Σ(0)10 composed with the pair of pants produces the cylinder, so the
map F (0)10 : C→ H picks out the multiplicative identity in H .
(e) The “macaroni” Σ(0)02 corresponds to a pairing F (0)
0
2 : H ⊗H → C.
(f) Powers of Σ(1)11 can be used to produce every Σ(g)
1
1. We call F (1)
1
1 the genus-
addition operator.
(g) We think of F (g)00, the closed invariants of the TQFT, as complex numbers.
Since Σ(g)00 can be obtained by concatenating g− 1 copies of Σ(1)
1
1 and gluing
the ends, we see that F (g)00 can be computed as the trace of the (g−1)th power
of the genus-addition operator.
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By decomposing surfaces into pairs of pants, we can write every morphism as a
composition of genus 0 surfaces with ≤ 3 boundary circles. In fact, F is determined
by F (0)12, which defines a product H ⊗H → H , and F (0)
0
2, which defines a pairing
H⊗H → C. The key idea is that the pairing determines an isomorphism φ : H ≃ H∗
sending each orthonormal basis to its dual basis, which can be used to “flip” the
linear maps in the TQFT: to get F (g)mn , simply take the transpose of F (g)
n
m and
identify each H∗ with H using the pairing. Moreover, the composition relations
on the TQFT imply that this product and pairing must satisfy the compatibility
condition of a Frobenius algebra. Thus a TQFT determines a Frobenius algebra
and vice versa.
Example 2.2.2 (Quantum cohomology TQFT). Equipping the small quantum
cohomology ring QH∗(G) with the Poincare´ pairing defines a Frobenius algebra,
which determines a TQFT that we call the quantum cohomology TQFT. A detailed
description of this TQFT is given in §3.1.
Example 2.2.3 (Witten’s TQFT). Equipping QH∗(G) with a different pairing
〈σ~a, σ~b〉W := 〈σ~a ∗ σ~b, σsr 〉
produces a different TQFT that we call Witten’s TQFT. We show in §3.2 that
this description of Witten’s TQFT coincides with the description given in §1.2 and
that the closed invariants F (g)00 of Witten’s TQFT are the Verlinde numbers V
r,s
g
introduced in §1.1. Thus the Verlinde numbers can be computed by taking the
trace of the (g − 1)th power of the genus addition operator (whose eigenvalues are
the products of sines in the formula for V r,sg ).
Remark 2.2.4. To emphasize the connection between TQFTs and Frobenius alge-
bras and simplify notation, we usually write v ·w instead of F (0)12(v⊗w) and 〈v, w〉
instead of F (0)02(v ⊗ w). However, there are several advantages to interpreting
Frobenius algebras as TQFTs. First, some of the TQFTs we consider in the next
sections are related to algebraic curves, with the cobordisms encoding information
about curves with marked points. The gluing relations reflect what happens to
that information when the curve degenerates to a nodal curve. Second, the TQFT
emphasizes different features of the data than the Frobenius algebra does. In par-
ticular, the closed invariants of a TQFT seem obscure from the Frobenius algebra
point of view, but they often encode interesting enumerative data, which the TQFT
is set up to compute.
Choosing a basis {fi} of H that is orthonormal with respect to the pairing
simplifies computations in the TQFT. For instance, the genus-addition operator
can be computed as the partial composition of the copairing F (0)20 and the product
F (0)13. Since the pairing is determined by fi ⊗ fj 7→ 〈fi, fj〉, the copairing is
determined by 1 7→
∑
i,j〈fi, fj〉fi⊗ fj =
∑
i fi⊗ fi. Composing with F (0)
1
3, we see
that F (1)11 is multiplication by
∑
i f
2
i .
Computations can be further simplified if the TQFT is semisimple, namely if
there is an orthonormal basis {ei} of H such that e
2
i = λiei for some 0 6= λi ∈ C
and ei · ej = 0 for i 6= j. We call {ei} a semisimple basis and {λi } the semisimple
values of the TQFT. For a semisimple TQFT, the multiplicative unit is
∑
i λ
−1
i ei
and the genus-addition operator is ·
∑
i λiei, which in the semisimple basis is the
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diagonal matrix diag(λ2i ). Thus, for a semisimple TQFT,
F (g)00 =
∑
i
λ
2(g−1)
i .
It is known that the quantum cohomology TQFT is semisimple ([Abr00]); we exhibit
a semisimple basis in §3.1.
It can be useful to define variations of a TQFT that encode richer data. The
morphisms in a weighted TQFT are written as F (g|d)nm, where d is a weight that
is additive under composition. The collection of morphisms with d = 0 is a usual
TQFT. The key extra data in a weighted TQFT are the cylinders with weight ±1,
which can be used to obtain any F (g|d)nm from the weight-0 linear maps F (g|0)
n
m.
Indeed, the data encoded by a weighted TQFT are equivalent to a Frobenius algebra
equipped with an invertible operator satisfying some relations.
Example 2.2.5 (The weighted TQFT). We can construct a weighted TQFT con-
taining the quantum cohomology TQFT as the d = 0 slice and Witten’s TQFT as a
“diagonal” slice. Let the d = 0 morphisms be exactly as in the quantum cohomol-
ogy TQFT, and add the data of the invertible operator ∗σ1r , which we view as the
cylinder with weight −1, and its inverse ∗σs, which we view as the cylinder of weight
1. We show in §3.3 that this description of a weighted TQFT agrees with the de-
scription in §1.3 and that the linear map F (g|s(g−1+n))nm in this weighted TQFT
coincides with F (g)nm from Witten’s TQFT. In particular, the Verlinde numbers
occur in the weighted TQFT as the closed invariants F (g|s(g − 1))00.
3. Explicit descriptions of the three TQFTs
In this section, we give a detailed description of the quantum cohomology TQFT.
We then give similar descriptions of Witten’s TQFT and the weighted TQFT in-
troduced in §3.3 by interpreting the maps in terms of quantum cohomology (as was
foreshadowed in §2.2).
3.1. The quantum cohomology TQFT. Set G = Gr(r,Cr+s) and let QH∗(G)
denote the small quantum cohomology ring, which is obtained by equipping the
vector space H∗(G,C) with the quantum product ∗ instead of the cup product.
As explained in [Ber94], a set of generators and relations for QH∗(G) as a ring
can be described as follows. As generators, we take the Chern classes x1, x2, . . . , xr
of the dual of the universal subbundle on G, which coincide with the Schubert
cycles σ1, σ1,1, . . . , σ1r . We can view the xi as elementary symmetric polynomials
in the Chern roots q1, . . . , qr. Set W =
∑
i
1
r+s+1q
r+s+1
i . Then the relations for the
cohomology ring H∗(G,C) are given by ∂W/∂xi. The quantum cohomology ring
is obtained by replacing the relation ∂W/∂x1 by ∂W/∂x1 + (−1)
r.
It is often useful to consider the scheme SpecQH∗(G), which is a collection
of
(
r+s
r
)
reduced points. The xi-coordinates of these points can be described by
letting the qi vary over each choice of r distinct (r + s)th roots of (−1)
r+1. Fix
ζ = e2πi/(r+s). Let I ⊂ { 1, 2, . . . , r + s } denote a subset of cardinality r. Write
ζI for the point obtained by choosing the roots { ζj | j ∈ I } in the case when r
is odd or { ζj+1/2 | j ∈ I } in the case when r is even. Then the evaluation of σ~a
(viewed as a polynomial in the xi) at the point ζ
I , which we denote by σ~a(ζ
I),
coincides with evaluating the Schur polynomial associated to the partition ~a at the
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roots defining ζI . A quantity that often shows up in formulas is the square of the
Vandermonde norm, which is defined as
Vand(ζI) :=
∥∥∥∥∥∥
∏
j,k∈I, j 6=k
(ζj − ζk)
∥∥∥∥∥∥
(or 1 if |I| = 1). We do not have to worry about the parity of r since the factors of
ζ1/2 do not affect the norm.
The following proposition is essentially contained in [Rie01].
Proposition 3.1.1 (Concrete description of the quantum cohomology TQFT).
(a) The basis { σI :=
∑
~a σ~a(ζ
I)σ~a } has the property that
σ~a ∗ σI = σ~a(ζ
I)σI
for all ~a and satisfies
σI ∗ σJ =
{
aIσI if I = J ;
0 if I 6= J
for aI =
(r + s)r
Vand(ζI)
.
(b) A semisimple basis is { eI :=
(
σsr (ζ
I)/aI
)1/2
σI }, with semisimple values
{λI = (aIσsr (ζ
I))1/2 }.
(c) The genus-addition operator is ∗
∑
I σsr (ζ
I)σI and its eI-eigenvalue is λ
2
I =
aIσsr (ζ
I).
Proof. The orthogonality formula∑
~a
σ~a(ζI)σ~a(ζ
J ) = δI,J
(r + s)r
Vand(ζI)
([Rie01] Prop. 4.3 (3)) implies that σI is aI times the characteristic function of the
point ζI . This proves (a). To get a semisimple basis {eI = σI/‖σI‖}, we compute
‖σI‖
2 = 〈σI , σI〉 = 〈σ
2
I , 1〉 = aI〈σI , 1〉 = aI σsr (ζ
I) = aI/σsr (ζ
I),
where the last equality holds since σsr (ζ
I) is a product of roots of (−1)r+1 and
thus has norm 1. Choosing a square root for each I gives the expression for eI in
(b). Moreover,
e2I = (σsr (ζ
I)/aI)
1/2aI eI = (aI σsr (ζ
I))1/2 eI
gives the formula for λI . The genus-addition operator is computed as
∑
I λIeI . 
Example 3.1.2 (Ps). When r = 1, the Grassmannian is isomorphic to Ps, x1
is the hyperplane class, the cohomology ring is H∗(Ps,C) ≃ C[x1]/(x
s+1
1 ), and
the quantum cohomology ring is QH∗(Ps) ≃ C[x1]/(x
s+1
1 − 1). The points of
SpecQH∗(Ps) are x1 = q1 = ζ
j for 1 ≤ j ≤ s + 1 and ζ = e2πi/(r+s). The Schur
basis is { 1, σ1, . . . , σs }, where σj = x
j
1, and the semisimple basis is{
ej =
√
ζjs
s+ 1
s∑
k=0
ζ−jkσk
∣∣∣∣ 1 ≤ j ≤ s+ 1
}
.
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3.2. Explicit description of Witten’s TQFT. Recall from §1.2 that the maps
in Witten’s TQFT are defined as
F (g)nm : σ~a1 ⊗ · · · ⊗ σ~am 7→
∑
~b1,...,~bn
(∫
[QC ]vir
σ¯~a ∪ σ¯~b ∪ σ¯
r(g+n)+s
1r
)
σ~bc
1
⊗ · · · ⊗ σ~bcn
,
where Qe,C = Quot
(
(r,−e),Or+sC
)
and QC =
⊔
eQe,C . Recall the identity at the
end of Example 2.1.5 and the fact that integrals on QP1 define the Gromov-Witten
numbers. Thus
F (0)12 : σ~a ⊗ σ~b 7→
∑
~c
∑
e
〈W~a,W~b,W~c〉e σ~cc = σ~a ∗ σ~b
is just the quantum product, while
F (0)02 : σ~a ⊗ σ~b 7→
∫
Q
P1
σ¯~a ∪ σ¯~b ∪ σ¯
s
1r = 〈σ~a ∗ σ~b, σsr 〉
is a pairing that picks out the coefficient of 1 in the quantum product, which
is different from the Poincare´ pairing. Witten’s TQFT is simply the quantum
cohomology ring QH∗(G) equipped with this new pairing
〈σ~a, σ~b〉W := 〈σ~a ∗ σ~b, σsr 〉.
Proposition 3.2.1 (Concrete description of Witten’s TQFT). Define the basis
{ σI :=
∑
~a σ~a(ζ
I)σ~a } and the constants aI := (r + s)
r/Vand(ζI) as above.
(a) A semisimple basis is { e˜I := a
−1/2
I σI }, with semisimple values { λ˜I = a
1/2
I }.
(b) The genus-addition operator is ∗
∑
I σI and its eI-eigenvalue is λ˜
2
I = aI.
Proof. The computation is similar to the proof of Proposition 3.1.1. The key dif-
ference is that
‖σI‖
2
W = 〈σ
2
I , σsr 〉 = aI〈σI , σsr 〉 = aI
since the coefficient of 1 in each σI is 1. 
Remark 3.2.2. Note that applying ∗σsr to the genus-addition operator in Witten’s
TQFT yields the genus-addition operator for quantum cohomology. Conversely, we
can produce Witten’s operator from the quantum cohomology operator by applying
∗σr1r .
Witten’s TQFT has the remarkable property that the closed invariants are the
Verlinde numbers V r,sg :
Proposition 3.2.3. In Witten’s TQFT, F (g)00 = V
r,s
g .
Proof. We compute F (g)00 as the trace of the (g− 1)th power of the genus-addition
operator. Since the eigenvalues of the genus-addition operator are aI , it suffices to
prove that aI =
∏
(j,k)∈I×I¯ |2 sinπ
j−k
r+s | because then the claim follows by taking
sums of (g − 1)th powers. We can rewrite this equation as
(1) (r + s)r = Vand(ζI)
∏
(j,k)∈I×I¯
|2 sinπ j−kr+s |.
The key identity is
r + s =
r+s−1∏
n=1
2 sinπ nr+s ,
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which can be proved by rewriting 2 sinπ nr+s = i(ζ
−n/2 − ζn/2) = iζ−n/2(1 − ζn)
and using the fact that the ζn are all the roots of the polynomial p(x) = 1 + x +
· · ·+ xr+s−1, hence
∏
n(1 − ζ
n) = p(1) = r + s.
Now, we use a similar trick to write the Vandermonde norm as
Vand(ζI) =
∏
j,k∈I, j 6=k
|2 sinπ j−kr+s |
and count how many times |2 sinπ nr+s | occurs for each n. On the left side of (1),
each |2 sinπ nr+s | has multiplicity r. On the right side, for each j ∈ I and each n,
there is a unique solution to j − k ≡ n (mod r+ s) chosen from {1, . . . , r + s}; the
corresponding factor is supplied by the Vandermonde norm when the solution k is
in I. Since each j ∈ I yields a unique solution in either I or I¯, each |2 sinπ nr+s |
again has multiplicity r. 
3.3. The weighted TQFT. Recall that the weighted TQFT is defined by the
maps
F (g|d)nm : σ~a1 ⊗ · · · ⊗ σ~am 7→
∑
~b1,...,~bn
(∫
QV
σ¯~a ∪ σ¯~b
)
σ~bc
1
⊗ · · · ⊗ σ~bcn
,
where C is a curve of genus g, V is a general stable vector bundle on C of rank
r+ s and degree d, and QV =
⊔
e∈ZQe,V . We prove in §6 that (after twisting by a
line bundle) V can be constructed as a general elementary modification of a trivial
bundle, and use this to show that Qe,V has the expected dimension for all e.
Since stable (namely, balanced) bundles of degree 0 on P1 are trivial, the maps
F (0|0)nm are determined by the Gromov-Witten numbers, and in particular F (0|0)
1
2
is the quantum product ∗ and F (0|0)02 is the Poincare´ pairing 〈 , 〉. Thus the d = 0
slice of the weighted TQFT is exactly the quantum cohomology TQFT.
We now compute the degree-lowering operator F (0|−1)11. The balanced bundle
of degree −1 can be obtained as the kernel V of a general elementary modification
0→ V → Or+s
P1
→ Cq → 0. Moreover, the image of the embedding ι : Qe,V →֒ Qe,P1
is exactly W 1r(q) and the pullback under ι of a Schubert variety W~a is again of
type W~a on Qe,V (again, see §6). Thus∫
QV
σ¯~a =
∫
Q
P1
σ¯~a ∪ σ¯1r ,
which allows us to compute
F (0|−1)11 : σ~a 7→
∑
~b
(∫
QV
σ¯~a ∪ σ¯~b
)
σ~bc =
∑
~b
(∫
Q
P1
σ¯~a ∪ σ¯~b ∪ σ¯1r
)
σ~bc = σ~a ∗ σ1r ,
namely the degree-lowering operator is ∗σ1r . The properties in Example 2.1.5 imply
that the inverse operator F (0|1)11 is ∗σs and that F (g|d)
n
m = F (g|d+ r + s)
n
m.
We can now see how the weighted TQFT contains Witten’s TQFT. It follows
from F (0)11 = id = F (0|0)
1
1 and F (0)
1
2 = ∗ = F (0|0)
1
2 that F (0)
1
m = F (0|0)
1
m for
all m ≥ 1. The shift in degrees occurs because of the pairing. Since 〈σ~a, σ~b〉W =
〈σ~a ∗ σ~b, σsr 〉 = 〈σ~a ∗ σ~b ∗ σsr , 1〉, Witten’s pairing can be obtained by (partially)
precomposing the Poincare´ pairing with F (0|r)11 = F (0|−s)
1
1 = ∗σsr . Thus F (0)
0
2 =
F (0|− s)02. Since the partial composition of F (0)
0
2 and F (0)
2
0 produces the cylinder
F (0)11, which has degree 0 in the weighted TQFT, we obtain F (0)
2
0 = F (0|s)
2
0.
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Moreover, it follows from Remark 3.2.2 that F (1)11 = F (1|s)
1
1. Now, to compute
the degree of F (g)nm as a map in the weighted TQFT, we write F (g)
n
m as a partial
composition of F (0)1m+n−1 with g copies of F (1)
1
1 (to increase the genus) and n−
1 copies of F (0)20 (to move a copy of the vector space from the domain to the
codomain), and add up the degrees of these maps. We already observed that .
Thus each of the g + n− 1 maps in the composition increases the degree by s, so
F (g)nm = F (g|s(g−1+n))
n
m
and in particular
V r,sg = F (g)
0
0 = F (g|s(g−1))
0
0.
As mentioned in §3.3, this last fact says that when V is general of degree s(g − 1),
the integral of the fundamental class on QV , which counts the points of the 0-
dimensional Quot scheme Q0,V , yields the Verlinde number V
r,s
g .
3.4. Enumerating all finite Quot schemes. The weighted TQFT recovers the
formula of Holla ([Hol04]) that enumerates the points of all finite Quot schemes of
general bundles on curves, including cases that are not computable within Witten’s
TQFT. For a general bundle V of degree d, the Quot scheme Qe,V is finite if and
only if rd+ (r + s)e− (g − 1)rs = 0. Setting a = gcd(r, s), r′ = r/a, and s′ = s/a,
the full solution set is
{ e = r′γ, d = (g − 1)s− (r′ + s′)γ | γ ∈ Z };
imposing the equivalence relation of twisting both the subsheaves and V by line
bundles, we can think of γ ∈ Z/aZ. The finite Quot schemes whose points are
counted by the Verlinde numbers come from the solution 0 ∈ Z/aZ. For r and
s relatively prime, these are all the solutions, but when a > 1 there are others.
A natural choice of representatives of the solution classes is e = r′γ and d =
−(r′ + s′)γ + s(g − 1) for 0 ≤ γ < a. We compute F (g|−(r′ + s′)γ + s(g−1))
by taking the trace of the composition of the (g − 1)th power of Witten’s genus-
addition operator and the (r′+ s′)γth power of the degree-lowering operator. Since
the eI -eigenvalue of the degree-lowering operator is σ1r (ζ
I), we obtain the formula
#Qr′γ,V = (r + s)
r(g−1)
∑
I
(
σ1r (ζ
I)(r
′+s′)γ
Vand(ζI)
)g−1
,
thus proving the Main Corollary in §1.3.
3.5. More geometric interpretation of the weighted TQFT. Because the
Qe,V all have the expected dimension, we can interpret the maps F (g|d)
N
0 geomet-
rically as follows. Given a curve C of genus g, a general vector bundle V on C of
degree d, and distinct points p1, . . . , pN on C, there is a rational map
evVp1,...,pN :
⊔
e∈Z
Qe,V 99K G
N
defined by restricting subsheaves E ⊂ V to their fibers at each pi. Let
ηg,d,N ∈ H
∗(G,C)⊗N
denote the sum of the pushforwards of the fundamental classes of the Qe,V (which
do not depend on the choices of curve, general vector bundle in moduli, or points
pi).
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Remark 3.5.1. The data encoded by the weighted TQFT are equivalent to these
ηg,d,N . To get F (g|d)
N
0 , simply define the linear map C → H
∗(G,C)⊗N by 1 7→
ηg,d,N . Choosing a partition N = m + n, dualizing the first m copies of H
∗(G,C)
yields a linear map (H∗(G,C)∗)⊗m → H∗(G,C)⊗n, and Poincare´ duality yields an
isomorphism between H∗(G,C) and its dual, hence the class ηg,d,m+n determines
a linear map
F (g|d)nm : H
∗(G,C)⊗m → H∗(G,C)⊗n
that coincides with the map defined in the weighted TQFT.
The dimension of Qe,V is rd+(r+s)e− (g−1)rs, so its image in G
N is a class of
degree (N + g− 1)rs− rd− (r+ s)e. It can be convenient to distinguish the image
classes of Qe,V in G
N by multiplying them by qe, where q is a formal variable.
Viewing q as having degree r + s makes ηg,d,N into a homogeneous class of degree
(N + g − 1)rs− rd.
We can use the weighted TQFT relations (with the formal variable q) to describe
how these image classes change as we modify C, V , andN . Let πk : G
N → G denote
projection to the kth factor and πˆk : G
N → GN−1 denote projection to all but the
kth factor. Then for any 1 ≤ k ≤ N , the following are some identities implied by
the weighted TQFT:
(1) Genus-addition: ηg+1,d,N = ηg,d,N ∗ π
∗
k (
∑
~a σ~a ∗ σ~ac);
(2) Degree-lowering: ηg,d−1,N = ηg,d,N ∗ π
∗
k(σ1r );
(3) Degree-raising: ηg,d+1,N = ηg,d,N ∗ π
∗
k(σs ∗ q
−1);
(4) Forgetful: ηg,d,N−1 = (πˆk)∗ηg,d,N .
Here ∗
∑
~a σ~a ∗ σ~ac is another formula for the genus-addition operator. The classes
σ1r and σs ∗ q
−1 are multiplicative inverses in quantum cohomology. The degrees
of the classes
∑
~a σ~a ∗ σ~ac , σ1r , and σs ∗ q
−1 are rs, r, and −r, respectively, which
matches the effect of the corresponding operations on the dimension of the Quot
scheme. Forgetting one of the marked points corresponds to capping one of the
boundary circles in the weighted TQFT.
In the particular case when Qe,V is finite and reduced for some e, its image class
will count its points. The power of q can be used to identify which e yields the
finite Quot scheme: ∫
GN
ηg,d,N = q
e#Qe,V .
We can obtain formulas for #Qe,V using the above identities as we did in the
weighted TQFT.
4. Background on Quot schemes
Most of the material in this section is a straightforward generalization of results
in [Ber94] and [Ber97] to Quot schemes of arbitrary vector bundles.
4.1. Schubert varieties on Quot schemes. We define Schubert varieties care-
fully and generally for arbitrary Quot schemes. Let V be a vector bundle of rank
r + s on a curve C, let Qe,V = Quot
(
(r,−e), V
)
, and let 0 → E → π∗V → F → 0
denote the universal sequence on C × Qe,V . Choose a point p ∈ C, a full flag V•
of the fiber V (p), and a partition ~a. The Vi ⊂ V (p) have cokernels V (p) ։ V
i.
Restricting the universal sequence to {p} ×Qe,V ∼= Qe,V yields an exact sequence
0→ E|{p}×Qe,V → V (p)⊗O → F|{p}×Qe,V → 0
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on the Quot scheme.
Definition 4.1.1. The Schubert variety W~a(p, V•) ⊂ Qe,V is the intersection for
all 1 ≤ i ≤ r of the degeneracy loci where the compositions
E|{p}×Qe,V → V (p)⊗O ։ V
s+i−ai ⊗O
have kernel of dimension ≥ i.
In the case whenW~a(p, V•) has pure codimension |~a| for all p and V•, the follow-
ing lemma guarantees that the Schubert cycle σ¯~a = [W~a(p, V•)] in the cohomology
of the Quot scheme is independent of p and V•.
Lemma 4.1.2. Suppose W~a(p, V•) has pure codimension |~a| for all p ∈ C and flags
V•. Then the cohomology class σ¯~a of W~a(p, V•) in Qe,V is independent of p and
V•.
Proof. Since the W~a(p, V•) have pure codimension |~a|, we can apply a theorem of
Kempf-Laksov ([KL74]) to the maps E|{p}×Qe,V → V (p)⊗O → V
i ⊗O to express
the cohomology class of the degeneracy locus as a determinantal formula involving
only the Chern classes of E|{p}×Qe,V (and of the flag, but these are trivial). But
since E is a vector bundle over C ×Qe,V , the Chern classes of the restrictions of E
over p ∈ C are independent of p. 
We need Schubert varieties and their intersections to have the right codimension
if we hope to get a useful intersection theory on the Quot scheme. Indeed, if
intersections on Qe,V are well-behaved, then it makes sense to define analogs of the
Gromov-Witten numbers as ∫
Qe,V
σ¯~a1 ∪ · · · ∪ σ¯~aN
for |~a1|+ · · ·+ |~aN | = dimQe,V .
Definition 4.1.3. Suppose Qe,V is equidimensional. An intersection W of Schu-
bert varieties on Qe,V is proper if it is empty or of pure codimension equal to the
total size A of the partitions. The intersection W has failure ν if its codimension
is A − ν (we use similar terminology for the preimage of W under a morphism to
Qe,V ). We call W a top intersection if A = dimQe,V .
On the open (possibly empty) subscheme Ue,V ⊂ Qe,V parametrizing quotients
that are torsion-free (which generalizes More(P
1, G) ⊂ Qe,P1), there is no difficulty
in proving that Schubert varieties intersect properly. For each p ∈ C, there is a
morphism
evp : Ue,V → Gr
(
r, V (p)
)
, [E ⊂ V ] 7→ [E(p) ⊂ V (p)]
induced by E|{p}×Ue,V →֒ V (p) ⊗ O on {p} × Ue,V ≃ Ue,V . The presence of mor-
phisms to the Grassmannian makes it easy to control the behavior of intersections
of Schubert varieties. Given distinct points p1, . . . , pN , the following lemma guaran-
tees that the intersection ev−1p1 (W~a1 )∩· · ·∩ev
−1
pN (W~aN ) is proper on each component
of Ue,V .
Lemma 4.1.4. Let X be an irreducible scheme with morphisms fi : X → G for
all 1 ≤ i ≤ N . Then for all choices of partitions ~a1, . . . ,~aN and Schubert varieties
W~a1 , . . . ,W~aN defined using general flags, the preimage f
−1
1 (W~a1)∩· · ·∩f
−1
N (W~aN )
is empty or has pure codimension A = |~a1|+ · · ·+ |~aN | in X.
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Proof. Induction on N . The base case N = 1 is Kleiman’s theorem ([Kle74]).
For the inductive step, assume X ′ = f−11 (W~a1) ∩ · · · ∩ f
−1
N−1(W~aN−1) has pure
codimension A − |~aN | in X . Restricting fN to each component Y of X
′, the base
case guarantees that fN |
−1
Y (W~aN ) is empty or has pure codimension |~aN | in Y ,
which completes the proof. 
The challenge in proving that Schubert varieties intersect properly is to under-
stand how they intersect the boundary U ce,V of the Quot scheme Qe,V . In general,
the Schubert varieties will not intersect properly on the boundary, but it suffices
to prove that the failure on the boundary is no greater than the codimension of
the boundary. In the next section, we describe a strategy for proving properness
that involves stratifying U ce,V and controlling the failure on each stratum. This
motivates a technical study of the recursive structure of U ce,V .
4.2. Boundary of the Quot scheme. To motivate the constructions in this sec-
tion, we begin with an outline of a proof of properness of Schubert intersections.
We fix the vector bundle V on the curve C and drop it from the notation: let
Qe := Quot
(
(r,−e), V
)
, let Ue denote the (possibly empty) subscheme in Qe where
the quotient is torsion-free, and let Ee denote the universal subsheaf, which is a
vector bundle on C ×Qe.
Let W denote an intersection of general Schubert varieties. The idea for proving
W is proper in Qe is to control the codimension ofW on a stratification of Qe. One
has to prove that the failure of W to be proper on each stratum is no greater than
the codimension of that stratum in Qe.
Strategy 4.2.1 (proving general Schubert intersections W are proper on Qe).
(1) On Ue, we use Lemma 4.1.4.
(2) On the boundary U ce , which is the image of a Grassmann bundle π : Gr(Ee−1, 1)→
C ×Qe−1 under a map β1 : Gr(Ee−1, 1)→ Qe (Proposition 4.2.3), it suffices to
control the codimension of β−11 (W ).
(a) β−11 (W ) splits into two types of components (Corollary 4.2.5).
(b) The Type 1 component comes from the base Qe−1 and is handled by
induction on e.
(c) Each Type 2 component, which is contained in G1,p := π
−1({p}×Qe−1) for
some p, consists of an intersection of Schubert varieties in Qe−1 (handled
by induction on e) with a degeneracy locus Wˆ~b(p).
(d) By stratifying G1,p as U1,p⊔β
−1(βℓ,p(Uℓ,p)) (Corollary 4.2.6) and identify-
ing the fibers of β over each βℓ,p(Uℓ,p), we reduce to understanding Wˆ~b(p)
on Uℓ,p.
(e) On Uℓ,p, Wˆ~b is the preimage of W~b under a map Uℓ,p → Gr(r − ℓ,C
r+s)
(Remark 4.2.4), so we use Lemma 4.1.4.
Remark 4.2.2. For this stratification to give the right codimension estimates, we
need to know that the Quot schemes Qe−ℓ have the expected dimension for all
0 ≤ ℓ ≤ r. When the vector bundle is trivial, this is true on P1 for all e, and
the strategy can be used to prove properness (Bertram’s proof of Theorem 5.1.1).
When the vector bundle is trivial but the curve has positive genus, this is only true
for e≫ 0, but the strategy can still be used if some care is taken with the induction
on e (Lemma 5.2.4). For general vector bundles, we use a different approach.
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We now proceed to fill in the details of the constructions. Given p ∈ C and an
integer 1 ≤ ℓ ≤ r, the fiber of the Grassmann bundle Gr(Ee, ℓ) over a point (p, x =
[0 → E → V → F → 0]) ∈ C × Qe parametrizes quotients Ee|(p,x) = E(p) ։ C
ℓ.
By composing E ։ E(p) ։ Cℓ, these quotients induce elementary modifications
0 → E′ → E → Cℓp → 0 in which degE
′ = degE − ℓ. Since E′ →֒ E →֒ V ,
there is a short exact sequence 0 → E′ → V → F ′ → 0, and the assignment
[E(p)։ Cℓ] 7→ [0→ E′ → V → F ′ → 0] defines a set-theoretic map βℓ:
Gr(Ee, ℓ)
πℓ

βℓ
// Qe+ℓ
C ×Qe
Let 0 → S → π∗ℓ Ee → Q → 0 denote the tautological sequence of vector bundles
on Gr(Ee, ℓ), which is equipped with a map π
∗
ℓ Ee → π
∗
CV from the tautological
sequence on Qe.
Proposition 4.2.3 ([Ber97]). In the setting above,
(a) βℓ is a morphism of schemes.
(b) im(βℓ) is closed in Qe+ℓ and contains exactly those points x ∈ Qe+ℓ such that
the universal quotient Fe+ℓ has rank ≥ s + ℓ at (p, x) ∈ C × Qe+ℓ for some
p ∈ C.
(c) The restriction of βℓ to π
−1
ℓ (C × Ue) is an embedding.
(d) Let p ∈ C and let W~a(p) denote a Schubert variety in Qe+ℓ defined using a full
flag V• in V (p). Then
β−1ℓ
(
W~a(p)
)
= π−1ℓ
(
C ×W~a(p)
)
∪ Wˆaℓ+1,...,ar(p),
where Wˆb1,...,br−ℓ(p) is the degeneracy locus inside π
−1
ℓ ({p} × Qe) where the
kernel of S → V s+ℓ+j−bj ⊗O has rank ≥ j for all 1 ≤ j ≤ r − ℓ.
Remark 4.2.4. One can think of Wˆ~b(p) ⊂ π
−1
ℓ ({p} ×Qe), where
~b has length r− ℓ,
as follows. On the open locus π−1ℓ ({p} × Ue), the elementary modifications yield
0 → E′ → V → F ′ → 0, where E′(p) → V (p) has rank exactly r − ℓ. Thus we
get a map π−1ℓ ({p}×Ue)→ Gr
(
r− ℓ, V (p)
)
, and pulling back the Schubert variety
W~b(V•) and taking its closure yields Wˆ~b(p).
The fact that the varieties Wˆ~b(p) based at different points p are disjoint proves
the following corollary.
Corollary 4.2.5. In the setting above, let W~a1(p1), . . . ,W~aN (pN ) be Schubert va-
rieties in Qe+ℓ defined at distinct points pi, and let W denote their intersection.
Then, up to reindexing the ~ai, β
−1
ℓ (W ) is a union of intersections of the following
types:
Type 1: π−1ℓ
(
C ×
(
W~a1(p1) ∩ · · · ∩W~aN (pN )
))
;
Type 2: π−1ℓ
(
pN ×
(
W~a1(p1) ∩ · · · ∩W~aN−1(pN−1)
))
∩ Wˆ(~aN )ℓ+1,...(~aN )r .
The proposition is stated for C = P1 and V the trivial vector bundle in [Ber97].
The proof given there generalizes without requiring modification. For details, see
[Gol17].
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In order to handle the degeneracy loci Wˆ~b(p), we need to stratify the fiber of the
Grassmann bundle over p. Let Gℓ,p denote the locus π
−1
ℓ ({p}×Qe−ℓ) ⊂ Gr(Ee−ℓ, ℓ)
parametrizing elementary modifications of the universal subsheaf at the fixed point
p. As before, there are maps
Gℓ,p
πℓ,p

βℓ,p
// Qe
Qe−ℓ
and there is a universal sequence 0 → Sℓ,p → π
∗
ℓ,pEe−ℓ|{p}×Qe−ℓ → Qℓ,p → 0 on
Gℓ,p. Let Uℓ,p ⊂ Gℓ,p denote the open subscheme where the fibers of the map
Sℓ,p → V (p)⊗O are injective. Then βℓ,p is injective on Uℓ,p and the image Zℓ,p :=
βℓ,p(Uℓ,p) is the locally-closed locus in Qe where the inclusion E ⊂ V has rank
exactly r − ℓ at p. Let U cℓ,p denote the complement of Uℓ,p in Gℓ,p.
Corollary 4.2.6. There is a set-theoretic stratification
U cℓ,p =
⊔
ℓ<ℓ′≤r
β−1ℓ,p (Zℓ′,p) ⊂ Gℓ,p.
Moreover, in the case when the Quot schemes Qe−ℓ are of the expected dimension
for all 0 ≤ ℓ ≤ r, then
(2) dimQe − dimZℓ,p = ℓ(s+ ℓ),
(3) dimGℓ,p − dimβ
−1
ℓ,p (Zℓ′,p) = (ℓ
′ − ℓ)(s+ ℓ′).
Proof. Since the Zℓ,p stratify Qe, their preimages stratify U
c
ℓ,p. (1) follows from
the dimension formula for Quot schemes and Grassmannians. For (2), we need
to identify the fiber. At a point x = [0 → E → V → F → 0] in Zℓ′,p, the
torsion subsheaf T of F has fiber of dimension exactly ℓ′ at p, hence T is a direct
sum of ℓ′ quotients of OC and has a canonical subsheaf C
ℓ′
p ⊂ T ⊂ F such that
every map Cp → F factors through C
ℓ′
p . The fiber of βℓ,p over x consists of all
[0 → E′ → V → F ′ → 0] such that there is an elementary modification E′ ։ Cℓp
yielding E as the kernel. By the snake lemma, such modifications correspond
to maps Cℓp →֒ F (whose cokernel is F
′). Thus the fiber over x is isomorphic
to Gr(ℓ,Cℓ
′
), which has dimension ℓ(ℓ′ − ℓ). Combining this with the dimension
formula for Quot schemes gives the result. 
5. Quot schemes of trivial bundles
Quot schemes of trivial bundles are known to be irreducible of the expected
dimension when the degree of the subsheaf is sufficiently negative. We prove that
in this case, intersections of general Schubert varieties are proper. Since we consider
mainly Quot schemes of trivial bundles in this section, we use the notation Qe,C =
Quot
(
(r,−e),Or+sC
)
. When the curve is clear from context, we may even write just
Qe. As usual, for general V we write Qe,V = Quot
(
(r,−e), V
)
and let Ue,V denote
the open subscheme of torsion-free quotients.
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5.1. Quot schemes of trivial bundles on P1. It was known to Grothendieck that
for all e, the Quot scheme Qe,P1 is irreducible, smooth, of the expected dimension
(r + s)e+ rs (or empty if this number is negative), and contains More(P
1, G) as a
dense open subscheme. There is a theorem of Bertram ensuring that the intersection
theory on the Quot scheme is as nice as possible.
Theorem 5.1.1 ([Ber97]). For all e ∈ Z,
(a) Intersections W of general Schubert varieties in Qe,P1 are proper;
(b) W ∩More(P
1, G) is dense in W ;
(c) top intersections W are finite, reduced, and contained in More(P
1, G).
Bertram’s proof is similar to the outline given in Strategy 4.2.1. We make a
more general argument in the next subsection.
5.2. Quot schemes of trivial bundles on curves of any genus. As the follow-
ing example illustrates, the properness and denseness claims in Bertram’s theorem
can fail for curves of positive genus when e is small but positive.
Example 5.2.1. Let C be a curve of genus 1. As usual Q0 = G, which has dimen-
sion rs rather than the expected dimension 0, but Schubert varieties do intersect
properly in G. A simple example where properness fails is Q1 with r = 1. Degree-
one line bundles L on C have only a single section, hence are not globally generated,
so the maps L∗ → Or+sC must drop rank at a point. Thus every quotient in Q1 has
torsion, hence must be of the form Os ⊕ Cp for some p ∈ C. Thus the map β in
the diagram
G1,p
π

β
// Q1
C ×Q0
is an isomorphism. By chance, Q1 has the expected dimension s+1 (since rs+ r =
r + s when s = 1). However, the Schubert variety W s(p) splits into two pieces on
Gr(1). The first is π−1(C ×W s(p)), which has the correct codimension s in G1,p,
but the second is the entire preimage π−1({p} ×Q0), which has only codimension
1 in G1,p.
Despite the disheartening example, Quot schemes of trivial bundles on curves of
arbitrary genus are well-behaved when e is sufficiently large. In fact, this is true
for Quot schemes of arbitrary vector bundles:
Theorem 5.2.2 ([PR03]). For any vector bundle V on C, there is an integer
e0 such that for all e ≥ e0, Qe,V is irreducible, generically smooth, of the expected
dimension rd+(r+s)e−rs(g−1), and the subscheme Ue,V of torsion-free quotients
is open and dense.
Remark 5.2.3. The case V = Or+sC was proved earlier in [BDW96]. This case is
particularly geometric since Qe,C compactifies the space of maps More(C,G).
With this theorem, we can implement Strategy 4.2.1 for Qe,V with V arbitrary
and e≫ 0, with the slight complication that the induction on e requires some care.
Lemma 5.2.4. Let V be any vector bundle on C. Let e0 be chosen such that
Qe = Qe,V has the properties listed in Theorem 5.2.2 for all e ≥ e0. Let ν ≥ 0 be the
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maximum failure over all Schubert intersections on Qe0+i for all 0 ≤ i ≤ r. Then
for all t ≥ 0, the maximum failure of general Schubert intersections on Qe0+r+t is
≤ max(ν − t, 0).
Proof. Induction on t. The base case t = 0 is trivial by definition of ν. Suppose
t > 0 and that W is a Schubert intersection on Qe0+r+t with failure ν
′ > 0. We
show that ν′ ≤ ν − t by proving appropriate inequalities on a stratification of
Qe0+r+t.
As usual, the Schubert intersections are proper on the (dense) open subscheme
of morphisms. The boundary is the image of the map β in the diagram
Gr(1) := Gr(Ee0+r+t−1, 1)
π

β
// Qe0+r+t
C ×Qe0+r+t−1.
By choice of e0, the image of β has codimension s in Qe0+r+t, so it suffices to
prove that β−1(W ) has failure ≤ ν − t + s in Gr(1). Recall from Corollary 4.2.5
that β−1(W ) decomposes into two types of components in Gr(1). For the Type 1
component, the inductive hypothesis guarantees thatW has failure at most ν−t+1
on Qe0+r+t−1, which suffices since s ≥ 1.
Each Type 2 component is the intersection of π−1(C×W ′), whereW ′ is an inter-
section of Schubert varieties in Qe0+r+t−1, with a degeneracy locus Wˆaℓ+1,...,ar(p)
contained in G1,p = π
−1({p} × Qe0+r+t−1) for some p. Since G1,p has codimen-
sion one in Gr(1), it suffices to show that the failure of this component on G1,p is
≤ ν − t+ s+ 1. By Corollary 4.2.6, there is a stratification
G1,p = U1,p ⊔
⊔
1≤ℓ≤r
β−1p (Zℓ,p),
where βp is the restriction of β to G1,p and Zℓ,p is the image in Qe0+r+t of the open
set Uℓ,p ⊂ Gℓ,p consisting of elementary modifications yielding a subsheaf that
drops rank by exactly ℓ at p. Moreover, β−1p (Zℓ,p) has codimension (ℓ − 1)(s + ℓ)
in G1,p. Thus it suffices to prove that the failure of this Type 2 component on each
Uℓ,p is
(†) ≤ ν − t+ s+ 1 + (ℓ − 1)(s+ ℓ) = ν − t+ 1 + ℓs+ ℓ(ℓ− 1).
There are structure maps Uℓ,p → Qe0+r+t−ℓ and by induction the failure ofW
′ is
≤ ν−max(t− ℓ, 0) or equals 0. The degeneracy locus Wˆaℓ+1,...,ar(p) is the preimage
of Waℓ+1,...,ar under the map Uℓ,p → Gr(ℓ,C
r+s), yielding failure
∑ℓ
i=1 ai ≤ ℓs.
Thus the failure on Uℓ,p is
≤ ν −max(t− ℓ, 0) + ℓs
or 0, which together with the inequalities (ℓ−1)2 ≥ 0 and max(t− ℓ, 0)− (t− ℓ) ≥ 0
implies the inequality (†). 
The lemma allows us to deduce the following generalization of Theorem 5.1.1.
The statement about top intersections appeared in [Ber94].
Proposition 5.2.5. Let V be arbitrary. Then for all e≫ 0,
(a) Intersections W of general Schubert varieties in Qe,V are proper;
(b) W ∩ Ue,V is dense in W ;
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(c) Top intersections W are finite, reduced, and contained in Ue,V .
Proof. The properness claim follows from the lemma by taking e ≥ e0+ r+ ν. For
the denseness statement, note that since Qe,V is irreducible and the codimension
of W cannot be greater than its total size A since it is a degeneracy locus, it
suffices to show that W actually has failure < s in Gr(1). We can achieve this
by taking e ≥ e0 + r + ν and copying the proof of the lemma, replacing the ν − t
appearing in the inductive estimates on the failure with zero. For the statement
about top intersections, the only part left to be shown is reducedness. But since
W is contained in Ue,V and Qe,V is generically reduced, the general fibers of the
evaluation map to GN (where N is the number of Schubert varieties) are finite and
hence reduced, so the intersection with general Schubert varieties will avoid the
branch locus. 
In the next sections, we will need only the case when V = Or+sC . For this case,
an important result ensures that the intersection theory of the Quot scheme is
independent of the choice of the curve in moduli.
Proposition 5.2.6 ([Ber94]). For all e≫ 0,
(a) The intersection numbers on Qe,C can be computed as an integral of Chern
classes of the universal subsheaf;
(b) The intersection numbers on Qe,C do not depend on the choice of smooth curve
C of genus g.
Proof. (a): The cohomology classes of the dual of the universal subbundle on the
Grassmannian (which are σ1k for 1 ≤ k ≤ r) generate the cohomology ring of the
Grassmannian. On More(C,G), the same formulas express σ¯~a in terms of the Chern
classes of the dual of the universal subbundle on Qe,C , and the previous proposition
ensures that any difference on the boundary is irrelevant for computing intersection
numbers.
(b): This is Proposition 1.5 in [Ber94]. Since we will make a similar argument
for Proposition 7.4.1, we will just summarize the key steps in the proof. Consider
a family of smooth curves of fixed genus over a base curve B. The relative Quot
scheme Q → B of the trivial bundle contains the Quot schemes of trivial bundles
over each of the curves in the family as its fibers over B. The intersection numbers
of each Quot scheme can be computed in terms of Chern classes of its universal
subbundle, and flatness of Q implies that these products of Chern classes are in-
dependent of the base point (by expressing them in terms of Chern classes of the
universal subbundle of the relative Quot scheme). 
Part (a) generalizes to arbitrary V without any trouble, but (b) is unclear.
6. Quot schemes of general vector bundles
In the previous section, we showed that intersections of Schubert varieties are
proper on Quot schemes of trivial bundles if the subsheaves have sufficiently nega-
tive degree. In order to get properness results on Quot schemes of general vector
bundles V , we embed them in Quot schemes of trivial bundles by using elementary
modifications. We conclude that for a very general vector bundle, all Quot schemes
have the expected dimension and proper Schubert intersections.
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6.1. General elementary modifications produce general vector bundles.
We begin with some terminology. Let C be a curve of genus g. We will say that a
vector bundle V on C is stable if
V is balanced if g = 0;
V is semistable if g = 1;
V is stable if g ≥ 2.
A vector bundle on P1 is balanced if its splitting V =
⊕rk(V )
i=1 OP1(di) has the
property that |di−dj | ≤ 1 for all 1 ≤ i, j ≤ rk(V ). There is a moduli space M(r, d)
parametrizing all vector bundles of rank r and degree d that are stable in this sense
(on P1, M(r, d) is just a point). When we call the vector bundle general, we mean
that it is stable and does not lie on a finite collection of proper closed subschemes
of M(r, d) when g ≥ 1. Even stronger, we say the vector bundle is very general if
it does not lie on a countable collection of proper closed subschemes of M(r, d).
We begin by showing that on P1, stability (balancedness) of vector bundles is
preserved by general elementary modifications.
Lemma 6.1.1. Suppose a vector bundle V on P1 of positive rank is balanced.
Then for any p ∈ P1, the kernels of general elementary modifications V ։ Cp are
balanced.
Proof. Since V is balanced, V ≃ O(d)a⊕O(d+1)b for some d ∈ Z, a ≥ 0, and b > 0.
A general elementary modification V ։ Cp induces a surjection O(d+1)։ Cp on
one of the summands of V of type O(d + 1), yielding a commutative diagram
0 // O(d)
 _

// O(d + 1)
 _

// Cp // 0
0 // V ′ // V // Cp // 0
The exact sequence of cokernels implies that the cokernels of the first two vertical
maps are isomorphic, hence there is an exact sequence O(d) →֒ V ′ ։ O(d)a⊕O(d+
1)b−1. But every such extension splits, so V ′ ≃ O(d)a+1 ⊕ O(d + 1)b−1, which is
balanced. 
Next, we prove the key result that allows us to relate Quot schemes of general
vector bundles to Quot schemes of trivial bundles.
Proposition 6.1.2. Let L of degree ℓ be a sufficiently ample line bundle such that
V ∗⊗L is globally generated and has vanishing higher cohomology for all V ∈M(r+
s, d). Then, up to tensoring by L∗, general V and kernels of general elementary
modifications Or+sC ։
⊕(r+s)ℓ−d
i=1 Cqi coincide.
Proof. Note that it is possible to find such L because the Castelnuovo-Mumford
regularity is bounded on M(r + s, d). Let N = (r + s)ℓ − d. The moduli space
parametrizing all elementary modifications is Quot
(
Or+sC , (0, N)
)
, which is irre-
ducible, smooth, and of the expected dimension N(r + s) since ext1(E,F ) = 0
whenever E is locally free and F is torsion. The universal sequence 0 → E →
Or+s → F → 0 on C × Quot
(
Or+sC , (0, N)
)
assembles the elementary modifica-
tions. Given any stable vector bundle V , choosing r+ s general sections of V ∗ ⊗L
yields a sequence
0→ V ⊗ L∗ → Or+sC → T → 0,
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where T is torsion of length N . In particular, this sequence occurs in the universal
family over the Quot scheme. Since stability is an open condition in families, this
guarantees that general elementary modifications parametrized by the universal
sequence produce stable kernels, so by the universal property of the moduli space
of sheaves, there is a dominant rational map
Quot
(
Or+sC , (0, N)
)
99KM(r + s, d),
which completes the proof. 
6.2. Properties of Quot schemes of general bundles. By embedding Quot
schemes of general bundles in Quot schemes of trivial bundles, we can show that
the former inherit the nice properties of the latter.
Proposition 6.2.1. Let V be very general. Then for all e:
(a) Qe,V is equidimensional of the expected dimension rd + (r + s)e − rs(g − 1);
(b) Qe,V is generically smooth and the subscheme Ue,V of torsion-free quotients in
Qe,V is open and dense;
(c) Intersections W of general Schubert varieties are proper in each component of
Qe,V , W ∩Ue,V is dense in W , and top intersections W are finite, reduced, and
contained in Ue,V .
Parts (a) and (b) of the proposition for g ≥ 2 were proved in [Hol04] using other
methods.
Proof. For each e, choose a line bundle Le of degree ℓe sufficiently ample such that
e+ rℓe is sufficiently large to ensure Qe+rℓe has the properties in Proposition 5.2.5
and also that V ∗ ⊗ Le is globally generated with vanishing higher cohomology for
all V ∈M(r + s, d). General elementary modifications
Or+sC ։
(r+s)ℓe−d⊕
i=1
Cqi
produce kernels which, when twisted by Le, are general in M(r + s, d). Thus
choosing V very general ensures that for every e, there is a sequence
0→ V ⊗ L∗e → O
r+s
C →
(r+s)ℓe−d⊕
i=1
Cqi → 0
in which the elementary modification is general. Now, there are embeddings
Qe,V →֒ Qe+rℓe,C , [E ⊂ V ] 7→ [E ⊗ L
∗
e ⊂ V ⊗ L
∗
e ⊂ O
r+s
C ]
and the image consists of those subsheaves of Or+sC whose map to the skyscraper
sheaf in the elementary modification is zero, namely the image is an intersection
(r+s)ℓe−d⋂
i=1
W 1r (qi).
Since the elementary modification is general, so are flags defining the W 1r (qi).
Since Qe+rℓe,C has the expected dimension and proper Schubert intersections,
dimQe,V = dimQe+rℓe,C − ((r + s)ℓe − d)r = (r + s)e+ rd − rs(g − 1),
which is the expected dimension of Qe,V and proves (a).
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For (b), note that quotients in Qe,V (twisted by L
∗) are obtained from quo-
tients in Qe+rℓe,C by elementary modification along the same
⊕
Cqi . If the latter
quotients are torsion-free, so are the former, which proves that the intersection of
Ue+rℓe,C with the image of the embedding is contained in Ue,V . Now we get (b)
from the same properties for Qe+rℓe,C and the fact that the intersection of the
W 1r(qi) with Ue+rℓe,C is dense in the image of the embedding.
For (c), we note that any intersection of Schubert varieties on Qe,V at points
other than the qi can be expressed as the same intersection on Qe+rℓe,C together
with the additional Schubert varieties W 1r(qi), and since the latter intersection
is proper, so is the former. The statement about top intersections also follows
immediately from the same statement for Qe,V . 
The embedding in the proof of the proposition allows us to replace intersection
numbers on Quot schemes of general vector bundles by intersection numbers on
Quot schemes of trivial bundles.
Corollary 6.2.2. Let V be very general of rank r+ s and degree d. Then for all e
and all ℓ≫ 0, ∫
Qe,V
σ¯~a =
∫
Qe+rℓ,C
σ¯~a ∪ σ¯
(r+s)ℓ−d
1r .
In particular, Proposition 5.2.6 extends to the case when V is general, ensuring
that the choice of curve in moduli does not change the intersection theory.
7. Quot schemes on nodal curves
To prove the F (g|d)nm satisfy the relations of a weighted TQFT, we relate Quot
schemes on smooth curves to Quot schemes on nodal curves, where the nodal curve
is obtained by degeneration. The first important observation is that Schubert va-
rieties in Quot schemes over a nodal curve can be defined at smooth points p in
exactly the same way as they were defined over smooth curves. However, the coho-
mology class of a Schubert variety now depends on which component of the curve
contains p.
In this section, we change the previous convention by letting C be a reducible
nodal curve with two smooth components C1 and C2 of genus g1 and g2 meeting
at a simple node ν ∈ C. Let ιi : Ci →֒ C denote the embeddings and let pi ∈ Ci
denote the points ι−1i (ν) lying over the node.
7.1. Sheaves on nodal curves. We review some facts about sheaves on reducible
nodal curves described in [Ses82]. If E is a rank r torsion-free sheaf on C, then its
stalk at the node ν is of the form Eν ≃ O
r−a
ν ⊕m
a
ν for some 0 ≤ a ≤ r, where mν
is the ideal sheaf of ν.
Definition 7.1.1. Let E be torsion-free sheaf of rank r on the nodal curve C. If
E|ν ≃ O
r−a
ν ⊕m
a
ν , then we say E is a-defective.
The following proposition lists some relationships between torsion-free sheaves
on C and locally-free sheaves on the components of C.
Proposition 7.1.2. (a) Let E be rank r and a-defective on C. Then ι∗iE ≃ Ei ⊕
Capi , where the Ei are vector bundles of rank r on Ci and degE1 + degE2 =
degE − a.
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(b) If Ei are rank r vector bundles on Ci, then ι1∗E1 ⊕ ι2∗E2 is r-defective on C
and deg(ι1∗E1 ⊕ ι2∗E2) = degE1 + degE2 + r.
(c) Using the notation in (a), there is a canonical short exact sequence
0→ E → ι1∗E1 ⊕ ι2∗E2 → E(ν)/(ι1∗C
a
p1 ⊕ ι2∗C
a
p2)→ 0
in which each map ιi∗Ei → E(ν)/(ι1∗C
a
p1 ⊕ ι2∗C
a
p2) is surjective. The quotient
in the sequence is isomorphic to Cr−aν .
Proof. (a): We argue as in [Ses82]. Let L be a line bundle on C with a section
OC → L that does not vanish at ν, namely the cokernel is supported away from
ν. Pulling back along the ιi yields sections OCi → ι
∗
iL whose cokernels partition
the original cokernel. Thus deg ι∗1L + deg ι
∗
2L = degL. Moreover, a local analysis
shows that ι∗imν = mpi ⊕Cpi , so degmν = degmp1 +degmp2 +1. These facts can
be used to deduce the claim.
(b): The key observation is ι1∗mp1 ⊕ ι2∗mp2 = mν . The degree statement is true
even if Ei are general coherent sheaves because the length of torsion is preserved
by ιi∗.
(c) As is clear on the level of modules, there are canonical maps E → ι1∗ι
∗
1E ⊕
ι2∗ι
∗
2E that are isomorphisms away from ν. The functors ιi∗ι
∗
i and these canonical
maps yield a commutative diagram
0 // E
f


// ι1∗ι
∗
1E ⊕ ι2∗ι
∗
2E
(ιi∗ι
∗
i f)


// Cr+aν

// 0
0 // E(ν) // ι1∗ι
∗
1E(ν)⊕ ι2∗ι
∗
2E(ν) // E(ν) // 0
in which the first map in the first row is an inclusion since it is an isomorphism away
from ν and E is torsion-free. We identify the cokernel in the first row by its degree.
The first map in the bottom row is diagonal inclusion E(ν) → E(ν) ⊕ E(ν). The
right vertical map must be a surjection, hence an isomorphism. Removing torsion
in the pullbacks yields a map E → ι1∗E1 ⊕ ι2∗E2 that is also injective (for degree
reasons), which produces the desired sequence. The surjectivity claim follows from
the commutativity of the right side of the diagram and the fact that in the bottom
row, each E(ν)-summand in the middle surjects onto the quotient. 
Let V be a vector bundle of rank r+s on C. Letting Vi denote ι
∗
i V , the sequence
(c) in the proposition is
0→ V → ι1∗V1 ⊕ ι2∗V2 → V (ν)→ 0.
The maps ιi∗Vi ։ V (ν) are push-forwards of the quotients Vi ։ Vi(pi). If we
think of the sequence in reverse, starting with V1 and V2, then we are constructing
a vector bundle V on the nodal curve by gluing V1 and V2 along the node via
a choice of isomorphism V1(p1) ≃ V2(p2) of their fibers over the node. We can
summarize this as a bijection{
vector bundles V on C of
rank r + s and degree d
}
↔

vector bundles Vi on Ci of rank r+ s and
degree di satisfying d1 + d2 = d, together
with an isomorphism V1(p1) ≃ V2(p2)
 .
The map from left to right is V 7→ (ι∗1V, ι
∗
2V ) together with the canonical isomor-
phisms (ι∗1V )(p1) ≃ V (ν) ≃ (ι
∗
2V )(p2) coming from the fact that fibers are defined
as a pullback, hence are preserved under pullback. The map from right to left is
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(V1, V2) 7→ ker(ι1∗V1⊕ ι2∗V2 ։ ι2∗V2(p2)), where the map ι1∗V1 → ι2∗V2(p2) is the
composition of the natural surjection onto the fiber composed with the isomorphism
V1(p1) ≃ V2(p2).
Given a short exact sequence 0→ E → V → F → 0 in Qe,V , where E is torsion-
free but F may have torsion, the natural pull-push maps as in (c) in the proposition
fit in a commutative diagram
0 // E _

// V  _

// F

// 0
0 // E1 ⊕ E2 // V1 ⊕ V2 // F1 ⊕ F2 // 0
in which the rows are exact, Fi = ι
∗
iF , Ei = ι
∗
iE/torsion, and the push-forward
notation is suppressed in the second row. The snake lemma long exact sequence is
of the form
0→ Cbν → C
r−a
ν → C
r+s
ν → C
s+a+b
ν → 0
for some a ≥ 0 and 0 ≤ b ≤ r−a that can be interpreted as follows: E is a-defective
and the rank of E(ν) → V (ν) is r − a− b. Note that 0 → Ei → Vi → Fi → 0 are
short exact sequences on Ci and that degE1 + degE2 = degE − a.
7.2. Structure of Quot schemes on nodal curves. To control intersections of
Schubert varieties in Quot schemes Qe,V = Quot
(
(r,−e), V
)
over the nodal curve
C, we relate Qe,V to Quot schemes Qei,Vi over the components Ci.
For all 0 ≤ a ≤ r, let Za,ν,e denote the locally-closed subscheme in Qe,V con-
sisting of sequences 0 → E → V → F → 0 where E is a-defective. As in §4.2, let
Za,pi denote the locally-closed subscheme in Qei,Vi = Quot
(
(r,−ei), Vi
)
where the
subsheaf drops rank by exactly a at pi. Setting Ga = Gr
(
r − a, V1(p1)
)
(which is
identified with Gr(r − a, V2(p2)), there is an evaluation map
Za,p1 × Za,p2 → Ga ×Ga
and we let ∆a denote the preimage of the diagonal.
Lemma 7.2.1. Let a ≥ 0, e1 + e2 = e+ a, and 0 < b ≤ r − a.
(a) There is an embedding
φa : ∆a →֒ Za,ν,e
whose image is exactly those [E ⊂ V ] where E is a-defective, the map E(ν)→
V (ν) has rank exactly r − a, and the pullbacks Ei = (ι
∗
iE)/torsion have degree
ei.
(b) Let E|ν denote the universal subsheaf restricted to {ν} × Za+b,ν,e−b. Let Ub ⊂
Gr(E|ν , b) denote the open subscheme of elementary modifications that produce
an a-defective kernel. There is a map
Ub

βa,b
// Za,ν,e
Za+b,ν,e−b
whose image contains all 0 → E → V → F → 0 where E is a-defective and
E(ν)→ V (ν) has rank r − a− b.
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(c) For each a, as b > 0 and the partition e1 + e2 of e + a vary, the images of the
maps φa and βa,b cover Za,ν,e.
Proof. (a): Set-theoretically, define φa as follows. A point in ∆a is a pair of inclu-
sions Ei ⊂ Vi whose restrictions to fibers at pi have rank r− a and the same image
under the identification V1(p1) ≃ V2(p2). Thus there is a canonical sequence
0→ E → ι1∗E1 ⊕ ι2∗E2 → C
r−a
ν → 0
producing a sheaf E on C that is a-defective. Moreover, the image of E(ν)→ V (ν)
coincides with the image of Ei(pi)→ Vi(pi) after identifying Vi(pi) with V (ν).
To construct this morphism algebraically, we construct the same sequence in
families. First, we construct vector bundles Êi on C ×∆a as follows: restrict the
universal subsheaves Ei ⊂ π
∗
Ci
Vi on Ci ×Qei,Vi to Ci × Za,pi , push forward under
the inclusion ιi× id to get a sheaf on C×Za,pi , pull back to C×Za,p1 ×Za,p2 under
the projection map, and finally restrict to C ×∆a. There is a morphism
Ê1 ⊕ Ê2 → π
∗
CV1(p1)
whose kernel E is a flat family of a-defective sheaves on C of degree e, hence yielding
a map to Qe,V whose image is contained in Za,ν,e.
Similarly, to get the inverse, we pull back the universal subsheaf E → π∗V on
C × im(φa) to Ci × im(φa) and remove the torsion in ι
∗
i E . Then ι
∗
i E/torsion is
a flat family of sheaves of degree ei, hence defines a map im(φa) → Za,pi . The
image of the product of these maps is contained in ∆a since the restrictions to
pi of the inclusions ι
∗
i E/torsion →֒ π
∗Vi have image coinciding with the image of
E|ν → π
∗V (ν) under the identification Vi(pi) ≃ V (ν).
(b): The open subscheme Ub of the Grassmann bundle parametrizes elementary
modifications 0 → E → E′ → Cbν → 0. Since E
′ is (a + b)-defective and the
elementary modification is general, a local computation shows that E, the image
under βa,b, is a-defective. Moreover, E(ν) → V (ν) factors through E
′(ν) → V (ν),
which has rank ≤ r − a− b.
Conversely, starting with 0 → E → V → F → 0 in which E is a-defective and
E(ν)→ V (ν) has rank exactly r− a− b, by the discussion at the end of §7.1, there
is a commutative diagram
0 // E _

// V  _

// F

// 0
0 // E1 ⊕ E2 // V1 ⊕ V2 // F1 ⊕ F2 // 0
and the snake lemma long exact sequence is 0→ Cbν → C
r−a
ν → C
r+s
ν → C
s+a+b
ν →
0. The rank of the map of fibers Ei(pi)→ Vi(pi) is only r − a− b, so we can pass
to the diagram
0 // E1 ⊕ E2


// V1 ⊕ V2


// F1 ⊕ F2


// 0
0 // Cr−a−bν
// Cr+sν
// Cs+a+bν
// 0
and in the short exact sequence of kernels 0 → E′ → V → F ′ → 0 the sheaf E′
is (a+ b)-defective. Moreover, there is an induced short exact sequence 0 → E →
E′ → Cbν → 0, so 0→ E → V → F → 0 is in the image of βa,b.
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Now we construct βa,b. The restriction of the universal sequence to C×Za+b,ν,e−b
yields 0→ E → π∗CV → F → 0 in which each fiber of E over Za+b,ν,e−b is (a+ b)-
defective, hence E|ν is a vector bundle of rank r + a + b on Za+b,ν,e−b. Pushing
forward the universal sequence 0 → S → π∗E|ν → Q → 0 on Gr(E|ν , b) under
the inclusion Gr(E|ν , b) → C × Gr(E|ν , b) at the point ν, we get a map π
∗E ։ Q
on C × Gr(E|ν , b) whose kernel K is a flat family of degree e sheaves on C. The
embedding K →֒ π∗E →֒ π∗V induces the map βa,b : Gr(E|ν , b)→ Qe,V . Restricting
to Ub ensures that the image is contained in Za,ν,e.
(c): Let x = [0 → E → V → F → 0] be a short exact sequence in which E is
a-defective and E(ν) → V (ν) has rank r − a − b. If b > 0, then x is in the image
of φa (for ei = degEi). If b > 0, then x is in the image of βa,b. 
Remark 7.2.2. In the case when the Vi are very general and the isomorphism
V1(p1) ≃ V2(p2) defining V is sufficiently general to ensure that ∆0 always has the
expected dimension, it follows from (a) that for fixed e, each partition e = e1 + e2
for which ∆a is nonempty yields a component of Qe,V of the expected dimension.
By (c) and a dimension count, we see that any other component of Qe,V must
have smaller dimension. Thus, although, Qe,V is in general not irreducible, each
of its top-dimensional components is the pullback of the diagonal in a product
Ue1,V1 × Ue2,V2 for some partition e1 + e2 = e. In particular, when V is triv-
ial, we see that each component of More(C,G) is the pullback of the diagonal in
More1(C1, G)×More2(C2, G), namely a morphism C → G of degree e corresponds
to a pair of morphisms Ci → G of degrees summing to e such that the points pi
have the same image in G.
7.3. Intersections of Schubert varieties are proper. Using the maps described
in the previous subsection, we study intersections of Schubert varieties in Qe,V by
controlling their preimages. We can use induction for the maps βa,b, so the main
tool we still need is a properness statement for intersections of Schubert varieties
in ∆a ⊂ Za,p1 ×Za,p2. In the following lemma, since 0 ≤ a ≤ r and the pi are fixed,
we drop a, p1, and p2 from the notation, so we write Zei := Za,pi since we do need
to keep track of the degrees ei.
Lemma 7.3.1. Suppose ∆ ⊂ Ze1 × Ze2 is empty or has pure codimension (r −
a)(s + a) for all e1, e2. Then intersections W of general Schubert varieties on
Qe1,V1 ×Qe2,V2 are proper on ∆. Moreover, if U ⊂ Ze1 ×Ze2 denotes the open locus
where the quotients are torsion-free away from p1 and p2, then W ∩∆∩U is dense
in W ∩ ∆. In particular, top intersections W (where the length of the partitions
equals dim∆) are finite, reduced, and contained in U ∩∆.
Proof. The proof adapts Strategy 4.2.1 to this more complicated setting. Let
W be the intersection of W~a1(q1), . . . ,W~ak(qk) and W~b1(q
′
1), . . . ,W~bm(q
′
m), where
q1, . . . , qk ∈ (C1 \ p1) and q
′
1, . . . , q
′
m ∈ (C2 \ p2) are distinct points. Set A =∑k
i=1 |~ai| +
∑m
j=1 |
~bi|. Let B denote the complement of U in Ze1 × Ze2 . Since the
Schubert varieties on ∆ are still defined as degeneracy loci of the restriction of the
relevant bundles on Ze1×Ze2 , their codimension in ∆ cannot be strictly larger than
A. Thus it suffices to prove that
(1) W ∩∆ ∩ U is empty or has pure codimension A in ∆;
(2) W ∩∆ ∩ B is empty or has codimension > A in ∆.
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(1): As usual, there is an evaluation morphism evq1,...,qk,q′1,...,q′m : U → G
k+m.
Restricting the domain to ∆ ∩ U and using Lemma 4.1.4 gives the result.
(2): The boundary B is the image of the map
β1,0 ⊔ β0,1 :
(
Gr(Ee1−1, 1)× Ze2
)
⊔
(
Ze1 ×Gr(Ee2−1, 1)
)
→ Ze1 × Ze2 ,
where the definition of Grassmann bundles over Ze1−ℓ is as before, except that we
restrict the elementary modification to a point of C1 \p1, thus obtaining a recursive
structure on the Ze1−ℓ for varying ℓ (and similar for Ze2−ℓ).
We pull back ∆ under β1,0 and β0,1 to get closed subvarieties ∆1,0 and ∆0,1 in
the Grassmann bundles. As usual, it suffices to prove that the pullback of W has
codimension
> A− (dim∆− dim∆1,0)
in ∆1,0 (then, by symmetry, we also get codimension > A − (dim∆ − dim∆0,1)
in ∆0,1). Since the elementary modifications in Gr(Ee1−1, 1) occur at points other
than p1, there is a commutative diagram
Gr(Ee1−1, 1)× Ze2
π1,0

β1,0
// Ze1 × Ze2
evp1,p2

(C \ p)× Ze1−1 × Ze2
ev′p1,p2
// Gr(a,Cr+s)×Gr(a,Cr+s)
so ∆1,0 can be obtained by pulling back the diagonal under ev
′
p1,p2 and then π1,0. By
assumption, the pullback under ev′p1,p2 is empty or has codimension (r− a)(s+ a),
hence we get that same codimension in the Grassmann bundle. Thus
dim∆− dim∆1,0 = dim(Ze1 × Ze2)− dim(Gr(Ee1−1, 1)× Ze2) = s.
We prove that the intersection W ∩∆1,0 is empty or has codimension > A − s
in ∆1,0 by induction on e1 + e2. The base case is trivial since Ze1 × Ze2 is empty
when e1 + e2 is sufficiently small. For the inductive step, we may assume there
is at least one Schubert variety since otherwise there is nothing to prove. We can
immediately deal with the case k = 0 and m > 0 since by the inductive hypothesis
the Schubert varieties impose the right codimension on Ze1−1 ×Ze2 , hence also on
Gr(Ee1−1, 1)× Ze2 .
The remaining case is k > 0. As usual, the intersection on Gr(Ee1−1, 1) decom-
poses into two types of components. The Type 1 component reduces to an intersec-
tion on the base Ze1−1, where we are done by induction. Up to relabeling of the qi,
each Type 2 component is supported on Gr(1, qk) = π
−1
1 ({qk}×Ze1−1) and includes
the degeneracy locus Wˆ(~ak)ℓ+1,...,(~ak)r(qk). As described in Corollaryc:stratification,
there is a stratification
Gr(1, qk) =
⊔
1≤ℓ≤r
β−11,qk(Zℓ,qk),
where Uℓ,qk is the open subscheme of the Grassmann bundle Gr(ℓ, qk) over Ze1−ℓ
and Zℓ,qk = βℓ,qk(Uℓ,qk) ⊂ Ze1 . The pullback of ∆ (which we also write as ∆)
intersects each Uℓ,qk × Ze2 properly since it is proper on the base Ze1−ℓ × Z2. The
preimage of β1,qk over Zℓ,qk has fibers of dimension ℓ − 1. There are evaluation
maps evqk : Uℓ,qk → Gr
(
r − ℓ, V1(qk)
)
yielding maps
Uℓ,pk × Ze2 → Gr
(
r − ℓ, V1(qk)
)
.
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The inductive assumption ensures that the intersection of ∆ and the Schubert
varieties is proper in Ze1−ℓ × Ze2 , hence also in Uℓ,qk × Ze2 . A general choice of
W~ak in G ensures that each W(~ak)ℓ+1,...,(~ak)r is general in Gr
(
r − ℓ, V1(qk)
)
, so the
Type 2 component imposes codimension ≥ A−ℓs in ∆∩(Uℓ,qk ×Ze2), hence also in
∆ ∩ (β−11,qk(Zℓ,qk)× Ze2). Thus by (3), the preimage under β1,qk of the intersection
of ∆ and the Schubert varieties has codimension
≥ A− ℓs+
(
dimGr(1, qk)− dimGr(ℓ, qk)
)
− (ℓ− 1) = A− s+ ℓ(ℓ− 1)
in ∆∩(Gr(1, qk)×Ze2), and passing to ∆∩(Gr(Ee1−1, 1)×Z2) yields one additional
codimension. The largest such locus is obtained when ℓ = 1, but this still has
codimension ≥ A− s+ 1. This completes the case k > 0. 
With this technical tool in hand, we can prove our result. Recall that V is
determined by specifying an isomorphism V1(p1) ≃ V2(p2). We call V very general
if the Vi are very general (as in §6) and this isomorphism is very general. This
guarantees that the properness assumption on ∆ in the previous lemma is satisfied.
Proposition 7.3.2. Suppose V is very general. Let Q˜e,V denote the union of the
top-dimensional components of Qe,V . Then for all e ∈ Z,
(a) Q˜e,V is generically smooth and of the expected dimension rd+(r+s)e−rs(g−1)
(or empty if this is negative);
(b) The subscheme Ue,V of torsion-free quotients in Qe,V is contained in Q˜e,V and
is open and dense;
(c) Intersections W of general Schubert varieties are proper in each component of
Q˜e,V ;
(d) Top intersections W are finite, reduced, and contained in Ue,V .
Proof. We cover Qe,V with the images of maps φa and βa,b from Proposition 7.2.1
for all 0 ≤ a ≤ r, 0 < b ≤ r − a, and e1 + e2 = e + a. The maps φ0 for various
partitions e1 + e2 = e identify each component of Ue,V as the diagonal ∆0 in
some Ue1,V1 × Ue2,V2 . Since the Uei,Vi are all generically-smooth of the expected
dimension, and since the domains of the other maps have smaller dimension, we
get (a) and (b).
For (c), it suffices to prove that the preimages of Schubert varieties in Qe,V have
failure 0 in the domain of each φa and βa,b. For φa this follows from the previous
lemma. For the maps βa,b, we can perform the intersection on the base, where it is
proper by induction on e.
It follows from (c) that top intersections can be performed by pulling back to
the diagonal in each Ue1,V1 × Ue2,V2 , so Lemma 4.1.4 ensures (d). 
Remark 7.3.3. Although the proposition does not rule out the possibility of addi-
tional low-dimensional components in the Quot scheme, it does ensure that such
components do not affect the intersection numbers on Qe,V .
Corollary 7.3.4. Suppose V is very general. Let σ¯~ai denote a cup product of
Schubert cycles based at points on the component Ci. Then for all e,∫
Qe,V
σ¯~a
1
∪ σ¯~a
2
=
∑
e1+e2=e
∑
~b
(∫
Qe1,V1
σ¯~a
1
∪ σ¯~b
)(∫
Qe2,V2
σ¯~a
2
∪ σ¯~bc
)
.
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Proof. By the previous proposition, top intersections are contained in Ue,V . Since
the top-dimensional components of Ue,V are isomorphic to (Ue1,V1×Ue2,V2)∩∆0 for
partitions e1 + e2 = e, we can compute the intersection on each (Ue1,V1 ×Ue2,V2) ∩
∆0. Since the class of the diagonal in G × G is
∑
~b σ~b ⊗ σ~bc , the class of ∆0 in
Qe1,V1 ×Qe2,V2 is
∑
~b σ¯~b⊗ σ¯~bc (up to a class supported on the boundary, which has
no effect on intersection numbers). Now the formula follows by pairing this class
with the Schubert cycles in cohomology. 
The right side of the equation in the corollary is independent of the components
Ci in moduli and the points pi ∈ Ci, so a version of Proposition 5.2.6 holds for
nodal curves as well.
Since the Vi are very general, we can express the integrals on the smooth com-
ponents in the corollary as integrals on Quot schemes of trivial bundles for very
large e. We then apply the corollary again to get an integral on Qe,C (though the
corollary is only stated for V very general, it also holds for sufficiently large e when
the Vi are trivial bundles since the Qei,Ci have the right properties and the gluing
of the trivial bundles can still be chosen very general). Thus, as in the case of
smooth curves, all integrals on Quot schemes of very general vector bundles can be
expressed as integrals on Quot schemes of trivial bundles.
Corollary 7.3.5. In the setting of the previous corollary, let degVi = di with
d1 + d2 = d. Then letting ℓ = ℓ1 + ℓ2 for ℓi sufficiently large,∫
Qe,V
σ¯~a
1
∪ σ¯~a
2
=
∫
Qe+rℓ,C
(
σ¯~a
1
∪ σ¯
(r+s)ℓ1−d1
1r
)
∪
(
σ¯~a
2
∪ σ¯
(r+s)ℓ2−d2
1r
)
.
This simplifies the deformation argument in the next section by avoiding the
need to consider deformations of general bundles.
7.4. Proof of Main Theorem (a). Given the formula in Corollary 7.3.4 relating
intersection numbers on nodal curves and their components, the last step is to relate
intersection numbers on nodal curves with intersection numbers on smooth curves
of the same genus. Let C be a nodal curve of arithmetic genus g and C′ denote a
smooth curve of genus g obtained by smoothing C.
Lemma 7.4.1. For all e ≫ 0, the intersection numbers on Qe,C agree with the
intersection numbers on Qe,C′ .
Proof. The proof is similar to Proposition 1.5 in [Ber94]. Let C be a family over a
base curve B smoothing C, where Or+sC is the trivial deformation ofO
r+s
C . Consider
the relative Quot scheme π : Q = Quot
(
(r,−e),Or+sC , B
)
→ B, whose fibers over
b ∈ B are Qe,Cb and which is projective over B. If π is not already flat at the central
fiber b0 ∈ B, then there must be associated points of Q supported at b0; these arise
either from nonreducedness or from small components of Qe,C because the top-
dimensional components are all of the expected dimension and hence deform in all
families by (this follows from Theorem 2.15 of [Kol96]). In any case, we can replace
the central fiber by its flat limit without affecting the top-dimensional components.
Now π is flat and we want to apply Lemma 1.6 of [Ber94]. After restriction
and base change, we can find a section σ of C near each b ∈ B and restrict the
universal subsheaf (which is defined on C ×B Q) to σ ×B Q. The lemma implies
that top intersections of Chern classes of the universal subbundles in the fibers
are independent of the base point, hence the intersection numbers on the Quot
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schemes are independent of the base point by Proposition 5.2.6. On the central fiber
these intersection numbers compute the intersection numbers on the nodal curve
(because the lower-dimensional components do not interfere with top intersections
of Schubert varieties). 
The lemma implies that intersection numbers on the nodal curve C do not depend
on how the Schubert varieties are spread across the two components of C. Moreover,
using Corollary 7.3.5, we deduce that Qe,V and Qe,V ′ have the same intersection
numbers for all e when V and V ′ be very general vector bundles on C and C′ of
the same rank r + s and degree d.
Corollary 7.4.2. Suppose g = g1 + g2 and d = d1 + d2. Then
F (g|d)nm = F (g2|d2)
n
1 ◦ F (g1|d1)
1
m.
Proof. It suffices to prove that the images of σ~a1⊗· · ·⊗σ~am under each of the maps
have the same coefficient of σ~b1 ⊗ · · ·⊗σ~bn . The map F (g|d)
n
m yields the coefficient
(†)
∫
QV
σ¯~a ∪ σ¯~b,
where V is a very general vector bundle of degree d on a smooth curve of genus g.
The composition on the right yields the coefficient
(‡)
∑
~c
(∫
QV1
σ¯~a ∪ σ¯~c
)(∫
QV2
σ¯~b ∪ σ¯~cc
)
,
where the Vi are very general vector bundles of degree di on smooth curves of genus
gi. By summing the equation in Corollary 7.3.4 over all e, the expression (‡) is equal
to an integral on a Quot scheme over the nodal curve obtained by gluing the Ci at
a point, and this integral coincides with (†) by the lemma. 
It is easy to deduce the general partial composition relations of the weighted
TQFT from the corollary by gluing one boundary circle at a time. This completes
the proof of Main Theorem (a).
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